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Abstract. In this paper, we prove that for any totally real field F, weight 
k, and nebentypus character the proportion of Hilbert cusp forms over F 
of weight k and character x with bounded field of rationality approaches zero 
as the level grows large. This answers, in the affirmative, a question of Serre. 
The proof has three main inputs: first, a lower bound on fields of rationality 
for admissible GL2 representations; second, an explicit computation of the 
(fixed-central-character) Plancherel measure for GL2; and third, a Plancherel 
equidsitribution theorem for cusp forms with fixed central character. The 
equidistribution theorem is the key intermediate result and builds on earlier 
work of Shin and Shin-Templier and mirrors work of Finis-Lapid-Mueller by 
introducing an explicit bound for certain families of orbital integrals. 


1 . Introduction 

Given a cuspidal Hecke eigenform /, define its field of rationality Q(/) to be the 
number field generated by all its Fourier coefficients an(/). 

In |Ser97] . Serre proved the following: 

Theorem 1.0.1 ((Serre, 1997)). Fix an even weight k, a prime p, and an integer 
A G Z>i. Let {N\) be a sequence of levels coprime to p with Nx — 00 . As X ^ 00 , 
the proportion of cusp forms of level Tq{Nx) whose field of rationality satisfies 
[Q(/) : Q] ^ ^ approaches 0. 

The argument was as follows: first, he used a trace formula argument to show 
that, as Nx —)■ 00 , the eigenvalues of Tp are distributed according to the Plancherel 

fc—1 fe—1 

measure on [— 2p^~]. He then noted that all points have measure zero, 
and that the set of Weil-p-integers of weight k and degree at most A is finite. 
In particular, the proportion of cusp forms with [Q(ap(/)) : Q] < A must be 
asymptotically zero. 

On page 89 that paper, Serre posited that his theorem could be extended to 
arbitrary sequences. It is our goal to answer Serre’s question in the affirmative 
and extend the result in three directions. First, we look at Hilbert cusp forms 
over an arbitrary totally real field F. Second, instead of restricting to cusp forms 
with trivial character, we allow ourselves to look at forms of an arbitrary (fixed) 
character. Third, we’ll be able to look at cusp forms of either even or odd weight. 

We’ll fix here some notation that will be in use throughout the paper. Fix 
a totally real field F with [F : Q] = n, a weight k = (fci,..., fc„), and a level 
n C Of; let X : (of/h)^ —>■ be a character. Let i?fe(ri(n), x) be a basis of Hecke 

eigenforms of weight k, level ri(n), and character x- Fix moreover an integer 
A £ Z>i. We define 

Rfc(ri(n), x)<A = {/ G Rfc(ri(n), x) I mf) : Q] < A}. 

In our notation, Serre’s theorem can be rephrased as follows: 
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Theorem 1.0.2. Let F = <Q. Fix an auxiliary prime p, an even weight k, and an 
integer A > 1. Let n\ ^ oo be a seguence of levels with (ua, p) = 1 for all ua- 
Then 

lim BkiViinx) 1)<A ^ ^ 

A->-oo i3fc(ri(nA), 1) 
where 1 denotes the trivial character. 

Let X ■ (of/h)^ —>■ be a character and fc be a weight. There is an obstruc¬ 
tion to the existence of a cusp form of weight k and character x- The weight k 
determines the central character Xoo of the associated automorphic representation 
at the Archimedean places. As such, if such a cusp form exists, then there must 
be an automorphic character Z{F)\Z{Ap) —>■ that restricts to x on 'dp and 

Xoo on Z{Foo). If such an automorphic character exists, we say x occurs in weight 
k. For instance, when A = Q, a character x occurs in weight k if and only if 
x(—1) = (—1)^- When F Q this requirement is more stringent because is 

infinite. 

Our Main Theorem is: 

Theorem 1.0.3 ((Theorem 110.0.11) 1. Fix a totally real field F, a weight k = 
{ki,..., kn), a character x ■ F^\Ap —>■ of conductor f occurring in weight 
k, and an integer A > 1. Let (ua) he any sequence of ideals with f | ua and 
N{n\) —>-00 as X ^ oo. Then 

,. -Sfc(ri(nA), x)<A r. 

A^oo BkiTi{nx), x) 

The key intermediate result in our paper is the Plancherel equidistribution the¬ 
orem: 

Theorem 1.0.4 ffPlancherel equidistribution theorem. 19.0.T]) l. Fix F and let S be 
a finite set of finite places of F. Fix a discrete series representation tToo o/GL 2 (Foo) 
and let x ■ F'^\Ap —)• be an automorphic character of conductor f extending 

Xttoo- Let Ua he a sequence of levels coprime to S, so that f"® | Ua and N{nx) —t oo. 

As A -A 00 , the S-components of cuspidal automorphic representations tt = 
TTs ® ® TToo, where has conductor dividing Ua, and where Xn- = X, are 

equidistributed according to the Plancherel measure when counted with the 

appropriate multiplicity. 

Once this is proved, the Main Theorem follows by relating the field of ratio¬ 
nality of certain local representations to their conductors iProDOsition l3.1.2ll and 
from explicit computations with the (fixed central character) Plancherel measure 
over GL 2 (F’p) (Gomputation lOlT]) . Indeed, for a large prime and p and a given 
conductor, r 1 at p, we show that only a small proportion of automorphic rep¬ 
resentations (by Plancherel measure) of conductor r have small field of rationality. 
Thus, if we take a large enough prime and break our sequence of levels (ua) into 
subsequences depending on ordp(nA), we can use the Plancherel equidistribution 
theorem to handle each subsequence separately. There is some difficulty with the 
r = 1 case, which we get around by taking a large set of large primes. The details 
are the crux of the proof in Ghapter 10. 

We have stated the Plancherel equidistribution theorem in greater generality 
than necessary to prove the main theorem. Indeed, our main theorem is (conjec- 
turally) vacuous in certain situations: for instance, if fc = (fci,..., kn) and there is 
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an i, j with ki ^ kj mod 2, then the associated representation is not C-algebraic 
and therefore, at least conjecturally, will not have a finite-degree field of rationality 
(see |ST141 section 2] for a discussion of C-algebraicity; the failure of C-algebraicity 
for mixed-parity cusp forms is basically [RTlll Theorem 1.4 (2)]). However, be¬ 
cause the methods we use to prove the Plancherel equidistribution theorem are 
representation-theoretic in nature, we can prove it without any algebraicity as¬ 
sumptions. 

We will briefly mention three papers that include results in this direction, and 
which are the inspiration for our ideas: 

• Shin proves an equidistribution theorem for Hilbert modular forms of level 
r, where (T) is a sequence of open-compact subgroups that ‘converge to 
one’ in the appropriate sense. For instance, if (ua) is a nested sequence of 
ideals of Of whose intersection is the zero ideal, then the sequence (r(nA)) 
converges to one, but the sequence (ro(nA)) does not. However, his method 
is sufficiently general to extend to representations of other algebraic groups. 

• In [ST12) . Shin and Templier prove an equidistribution theorem for rep¬ 
resentations of G{Ap) of increasing level when G is a cuspidal group. In 
[ST14] they prove, as a corollary, that if Ua is a sequence of ideals with 
ordp(nA) —S' oo for some prime p, then 

lim ^ 

A^oo i3fe(ri(nA), 1) 

• Finis, Lapid, and Mueller have done considerable work on the Limit Multi¬ 
plicity Problem, which is analogous to our Plancherel equidstribution. The 
primary difference is that we follow [ShiI2] and |STI2| by fixing a discrete 
series representation at oo and examine the limit multiplicities only at fi¬ 
nite places, whereas they look at limit multiplicities at infinite places. In 
[FLMI4] they solved the Limit Multiplicity Problem for a large class of 
groups (specifically those satisfying properties (BD) and (TWN) as given 
in Section 5 of that paper. These groups include GLn and SL„). Since this 
paper was released as a preprint they have solved the Limit Multiplicity 
Problem in even greater generality by reducing the restriction on the se¬ 
quence of level subgroups (see [FLI5] 1: we discuss the relationship between 
our work and theirs more below. 

The broad ideas for proving our Plancherel equidistribution theorem stem from 
the proofs of similar theorems in these papers. Like them, we will use the trace 
formula, Harish-Chandra’s Plancherel theorem, and Sauvageot’s density theorem. 
However, in our case it is necessary to adapt these existing tools suitably to our 
situation. We will need versions of the Harish-Chandra Plancherel theorem and the 
Sauvageot density theorem over local fields to the fixed-central-character setting, at 
least for GL 2 . We also need a fixed-central-character version of the trace formula. 
For GL 2 , the fixed-central-character trace formula is classical and has been stated 
in [Shi63) . |GJ79j . [KL06) . |PalI2) and elsewhere; a more general invariant fixed- 
central-character version has been stated in |Art02) . Versions of Arthur’s (non-fixed 
central character) trace formula in [Art 8 8) and [Art 8 9] . however, are significantly 
more ‘user friendly’ in that it is easier to bound the noncentral terms. Therefore, 
we will adapt the invariant trace formula to the fixed-central-character setting. 
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Once these are in place, a key step of our proof is a careful asymptotic esti¬ 
mation of the geometric side of the trace formula. Specifically, we will examine 
the asymptotic behavior of the geometric terms of the trace formula for charac¬ 
teristic functions of ro(n) as N{n) —>■ oo. This builds on the work of Shin and 
Shin-Templier, who chose sequences of functions whose orbital integrals eventually 
vanished, and their constant-term computations were simplified because they used 
characteristic functions of normal subgroups of the maximal compact subgroup 
The function Iro(n) has nonzero orbital integrals for many 7 G GL 2 (i^), but 
we will be able to bound these orbital integrals explicitly as A^(n) ^ c». 

As part of their work on the Limit Multiplicity Problem, Finis and Lapid have ob¬ 
tained bounds on trace formula terms for characteristic functions of level subgroups 
(see, for instance [FL131 Section 5]). This has allowed them to solve the Limit Mul¬ 
tiplicity Problem for all groups satisfying their conditions (BD) and (TWN) and 
any sequence of level subgroups whose level approaches 00 . Even though we give 
bounds only for Po-level subgroups of GL 2 , we hope that our work will not appear 
redundant, for the following reasons: first, our method of achieving bounds through 
a careful analysis of Bruhat-Tits buildings is intuitively different from their meth¬ 
ods, even if it is perhaps more difficult to generalize to higher-rank groups; second, 
we obtain a concrete description of the rate at which our terms approach zero. It 
is also worth noting that because they do not work with cuspidal functions at 00 , 
they use a non-invariant version of the trace formula. 

The outline of this paper is as follows. In section [2l we discuss the tempered 
spectrum GL 2 (L)^’‘ of GL 2 (L) for a p-adic field L, and recall how it is naturally 
endowed with the structure of a disjoint union of countably many compact real 
orbifolds. In section [3l we discuss fields of rationality of cusp forms and tempered 
representations. A necessary result fProposition 13.1.21) is that if the residue charac¬ 
teristic of L is sufficiently large and tt is a tempered representation of GL 2 (L) with 
conductor at least 3, then its field of rationality must be large. 

In section |4l we define the Plancherel transform / for a function / in various 
Hecke algebras. In section [5l we discuss Euler-Poincare functions on GL 2 (K); these 
will allow us to apply the trace formula to count cuspidal automorphic represen¬ 
tations whose Archimedean component is a fixed discrete series representation. In 
section we state the necessary representation-theoretic fixed-central-character 
prerequisites for our proof of the Plancherel equidistribution theorem: the trace 
formula, the Plancherel formula, and Sauvageot’s density theorem. We do not 
prove these results until the appendix, since they follow from the standard (non- 
fixed central character) analogs in the literature from elementary abelian Fourier 
analysis. Indeed, the proofs are not necessary on first reading. We also give an 
explicit description of the fixed-central-character Plancherel measure for GL 2 (L). 

In section[3 we introduce counting measures and construct explicit test functions 
whose Plancherel transforms count the cusp forms of fixed character, weight, and 
level. In section [HI we show an asymptotic vanishing result for orbital integrals 
and constant terms. In section |9l we use the results from section 6-8 to prove the 
Plancherel equidistribution theorem. 

Finally, in section [TOl we prove our main theorem. The proof follows from the 
Plancherel equidistribution theorem and a careful assessment of the explicit (fixed- 
central-character) Plancherel measure on GL 2 (F'p). 
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In the appendix (section [TT]), we prove the fixed-central-character trace formula 
and necessary properties of the fixed-central-character Plancherel measure. 

1.1. Notation and Conventions. We will fix here the following conventions: 

• F will always refer to a totally real field, and L, L' will always refer to 
p-adic fields. K will be reserved for compact subgroups of GL 2 (i?), where 
i? is a local field or an adele ring Kp. 

• The notation x takes many uses, so we fix a convention here. We will 
reserve lower-case Greek letters (j), ^ for Plancherel transforms of elements 
of the Hecke algebra of GL 2 (see Definition I5.0.2|) . Latin letters /, h will 
always denote general functions in .^o(GL 2 ) (see Definition l7.0.4l) . Both / 
and (j) are complex-valued functions on the unitary spectrum of GL 2 , but 
the former is more general. Upper case Greek letters such as $ and ik 
are used to denote functions on a subgroup of the center of GL 2 . In this 
case, $ and will denote their Fourier transforms as functions on a locally 
compact abelian group. 

• Lower-case fraktur letters will refer to integral ideals in F or L. Of, Ol will 
always refer to the ring of integers, and p will always refer to a prime, p 
will be reserved for rational primes. 

• By a sequence of levels (n^), we mean a sequence (ua) of ideals of Op. We 
always assume N{nx) —>■ 00 . 

• Given a representation tt of GL 2 (L), the conductor c(7r) will take values 
0, 1, 2 .... For a representation of GL 2 (Af), the conductor f(7r) will always 
be an ideal in Of- As such, if tt is a representation of GL 2 (Af), then 

• All characters y, 77 , etc, will be unitary characters, and if they are 

characters on the adele group A^, they will be assumed to be trivial on . 
If TT is a representation of a p-adic or adelic group, its central character will 
be denoted Xtt- A character xoi Vo, etc. will always refer to a character on 
the elements of absolute 1. 

• ^ will always be used to denote a finite-dimensional irreducible representa¬ 

tion of GL 2 (Foo). If fc = (fci,..., kn) is a weight, then fk denotes the finite¬ 
dimensional complement of the discrete series representation associated to 
any cusp form of weight fc; in particular, fk will decompose as a tensor prod¬ 
uct of irreducible representations of the form Sym^’“^(]R^) (g) | det | 2 . 

1.2. Acknowledgements. I would like to thank Ruthi Hortsch, Padma Srini- 
vasan, Nicolas Templier, and the anonymous referee for their helpful suggestions. 

I am especially indebted to my adviser, Sug Woo Shin, for his unfailing support 
and friendship, without which this paper would have been impossible. 

2. The Tempered Spectrum of GL2 (L) 

The goal of this section is to briefly recall some topological properties of the 
tempered spectrum of GL 2 (A) where L is a p-adic field. Throughout, q will denote 
the cardinality of the residue field of L. We recall some definitions and preliminary 
results. Let GL 2 (L)^ denote the set of irreducible unitary admissible representa¬ 
tions of GL 2 (L) (up to isomorphism); in particular, if tt G GL 2 (A)^, its central 
character Xn is unitary. 
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Definition 2.0.1. Let G be a connected, reductive group over a p-adic field L 
and let tt be an admissible representation of G{L). We say (tt, 14) is a discrete 
series representation if the matrix coefficient g i— {Tr{g)v, v) is in L‘^(G(L)/Z{L)) 
for every u S 14, fl € 14. 

We say tt is tempered if, instead, every matrix coefficient lies in L^+'^(G(L) /Z{L)) 
for every e > 0. 

Throughout this paper, we will denote the set of unitary representations of G{L) 
as G{L)^, and the set of tempered unitary representations of G{L) as G{L)^’*. 

For the rest of the subsection we assume G = GL„. The following results are 
classical: 

Proposition 2.0.2. A representation tt G GL„(L)^ is a discrete series representa¬ 
tion if and only if it is a generalized Steinberg representation St(cr, m) for a unitary 
supercuspidal representation a G Ghd{L)'^, and n = md. 

A representation tt G GL„(L)^ is tempered if and only if it is of the form 

/p (tTi (g) . . . (g) TTr) 

where is a discrete series representation of GL„^ (L), with n = ni + ... + and 
Ip denotes normalized induction. 

Fix a standard parabolic P with Levi subgroup M, and let Xu{M) denote the 
group of unramified unitary characters of M. Then Xu{M) acts on the set of 
discrete series representations uj oi M via y • w = a; (g> y. Each orbit Om under the 
action of X„(M) naturally acquires the topology of a compact orbifold, and as such 
the set of discrete series representations of M acquires the topology of a countable 
union of disjoint compact orbifolds. 

Denote by 0 the set of pairs (M, Om) where Om is an orbit of discrete series 
representations of M. Say two pairs (M, Om) and (M', O'j^,) associated if there is 
an element s G W'^, the Weyl group of G, such that s- M = M' and s ■ Om = O'^, . 

The normalized induction functor gives a surjective map 

H (M, Om) ^ GL„(L)^’‘. 

0/assoc 

(The fact that Ip (uj) is irreducible when w is a discrete series representation of M 
follows from |Zel801 Theorem 4.2]; we note here that this does not hold for general 
reductive p-adic groups). 

Moreover, for a given orbit (M, Om), the stabilizer 

Stab(M, Om) = {s G jW^ : s ■ M = M, s ■ Om = Om} 
acts on Om- The map above descends to a bijection 

(M, Om)/ Stab(M, Om) ^ G^4 

©/assoc 

This gives the tempered spectrum of G the structure of a countable disjoint union 
of compact orbifolds. 

Throughout this paper, we will use Om to refer to an orbit of discrete series 
representations of a Levi subgroup M oi G. We will use O to refer to an orbit in 
G^’*; that is, O will refer to the image of an orbit (M, Om) under the normalized 
induction functor. 
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2.1. Tempered Orbits of GL 2 (L). In this subsection, we’ll recall some facts 
about the tempered orbits of GL 2 (L). We’ll follow the standard practice of writing 
(Ti X (72 for Ipi^i ® 0 - 2 ) when a\ ( 8 ) (T 2 is a discrete series representation of a Levi 
subgroup M. TT is irreducible since cti and U 2 are unitary. 

It is convenient to partition the set of orbits into four types: 

Type (1): O consists of elements y x y', where xx!~^ is unramified; 

Type (2): O consists of elements y x y', where xx!~^ is ramified; 

Type (3): O consists of elements St(y) where y is a character; and 
Type (4): O consists of supercuspidal representations tt. 

It is worth recalling the following: 

Definition 2.1.1. Let L'/L be a quadratic extension, let ipp be an additive char¬ 
acter on L, and let 77 be a multiplicative character on L' that is not Gal(L'/L)- 
invariant. The dihedral representation of GL 2 (L) is defined as follows. First, let 
1 /, be the Weil representation of SL 2 (L) on the subspace of functions / S C^{L') 
satisfying the transformation property 

f{yv) = r]{y)~^f{v) for al\v £E,y € keriNp,/!^). 

Upgrade this to a representation tOrj, ,/> of 

GL 2 (L)^' = {g€ GU{L) : det(g) e 

by setting 

= \a\y‘^v{b)f{bv), a = N^./Lib). 

Let TT^i = this is independent of the choice of additive character 

Ip. 

We have the following facts: 

(i) The central character of is Xl'/l ' v\f^- Here Xl'/l '■ ^ is the 

unique nontrivial character whose kernel is Np// 

(ii) TT^ = TT^/ iff 7] and y' are characters on the same quadratic extension L', and 
T] and rj' are Gal(L'/L)-conjugate. 

(iii) If the residue characteristic of L is odd, then all supercuspidal representations 
of GL 2 (L) are dihedral. 

(iv) If y is a character of then 77^1 X — 

Facts (i) and (iv) are on page I2I of [Sch02) . while (iii) is on page 120. Fact 
(ii) follows by noting that corresponds to the irreducible Weil representation 
^w(L') under the Local Langlands correspondence. 

When the residue characteristic is odd, we have the following characterization of 
the orbits: 

Proposition 2.1.2. Assume the residue characteristic of L is p>2. 

(1) The orbits of type (1) are in correspondence with characters yo : 0 ^ —> C^. 

(2) The orbits of type (2) are in correspondence with pairs of characters xo ^ 
y' :o^ ^Cx. 

(3) The orbits of type (3) are in correspondence with characters yo : 0 ^ —t . 
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(4) The orbits of type (4) are in correspondence with pairs {L', { 770 , Vo}) where 
L'/L is a quadratic extension, and {rjo, rjo} ■ ^l' ® Gal{L'/L)- 

conjugate pair of characters with rjo 

Proof. For the first statement, we note that xi ^ X2 and x'l ^ x'2 the same 

orbit if x'lXi^ x'2Xi ^'I'e unramihed. Moreover, xiX2^ is unramified, so any 
two characters differ by an unramihed twist. As such, Xi x'i £^11 share the 
same restriction to 0 ^: this determines a canonical bijection between orbits and 
characters xo ■ of . 

The proofs of (2) and (3) are exactly the same. 

For (4), because p > 2, every supercuspidal representation of tt of GL 2 (L) is a 
dihedral representation, so there is a pair [L', rj) as above such that tt = tt^. The 
proof will follow once we show that, given characters 77 , r]' of T'^, then and 
differ by an unramihed twist if and only if 77 and 77 ' differ by an unramihed twist. 
On the one hand, assume 77 = Orj' for an unramihed 6 : L'^ — >■ C^. Since 9 is 
unramihed we can write 9 = x° ^l'/l for an unramihed character x; then we have 

L’/l) = X- 

On the other hand, if x is an unramihed character of and tt^/ = tt^ O Xi then 
9 {X ° = 77 ' or 77 '. 

Therefore, the supercuspidal orbits are parameterized by pairs of { 77 , 77 } up to 
unramihed twist, and giving a character up to unramihed twist is the same as giving 
its restriction to o^, as above, completing the proof. □ 


It follows immediately from above that if tt and tt' are in the same orbit, then 
XttIoX = Xtt'IoX- We dehne xo = xAo'^ fo'' tt G O. 

A list of conductors of tempered representations is given in |Sch02l p. 122]: 

• If TT = X X x', then c( 7 r) = c(x) + c(x')- 

• If TT = St(x), then 


c(7r) 


1 if X is unramihed 

2 • c{x) if X is ramihed. 


• If TT is the dihedral representation then 


c(7r) 


2 • 0 ( 77 ) if L'!L is unramihed 
0 ( 77 ) + 1 if L'/L is ramihed. 


Since the conductor of a character x or 77 depends only on its restriction to 0 ^ or 
0 ^/, we can make the dehnition: 

Definition 2.1.3. Let O be an orbit in GL 2 (L)^’b We dehne its conductor c{0) 
to be the conductor c(7r) for any tt € O. 


3. Preliminaries on Fields of Rationality 
Throughout, let F be a totally real held. 

Definition 3.0.1. Let / be a Hilbert modular form over F of level ri(n), weight 
k, and character x that is a Hecke eigenform. Then Q(/) C Q is the held generated 
by all the Fourier coefficients of /. 
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Definition 3.0.2. Fix a level n, a weight k, a character x : —>■ occuring 

in weight k, and an integer A G Z>i. We denote by _Bfc(ri(n), x) ^ basis of 
normalized Hecke eigenforms in S'fe(ri(n), y), and define 

i3fc(ri(n), x)<A = {/ G Bfe(ri(n), x) I Mf) ■ Q] < ^}- 

Definition 3.0.3. Let G be a reductive group over a p-adic field L and let tt be 
an admissible G(L)-representation. The field of rationality Q(7r) is the fixed field 
of the subgroup 

{cr G Aut(C) : ^TT = tt}. 

If TT is an automorphic representation of G{Ap), then tt decomposes as tt = 
TTy, and Q(7r) is the compositum of the fields Q(7r^) over the finite places v of 
F. 

Lemma 3.0.4. Let f be a Hecke eigenform of weight k, level n, and character x, 
and let tt/ be the associated GL 2 {Ap)-representation. Then Q(/) = Q(7r/). 

Proof. This is |RT11[ Theorem 1.4 (5)]. We omit the proof. □ 

3.1. Fields of rationality of tempered orbits of GL 2 (L). In this subsection, 
we switch back to the local theory. Let p > 2. We assume L is a p-adic field whose 
residue field has cardinality q. Throughout, tt will denote an irreducible unitary 
admissible representation of GL 2 (L). 

Definition 3.1.1. Let O be an orbit in GL 2 {L)^’*. We define Q(G) to be the 
intersection of all Q(tt) for tt G O. 

The goal of this subsection is to prove the following, in analogy with Corollary 
3.12 of [STM] : 

Proposition 3.1.2. Let the p be the residue characteristic of L, and assume p > 
2A-\- 1. Let O be a tempered orbit of G\j 2 {L) of conductor at least 3. Then [Q(G) : 
Q] > A 

It is worth comparing this result to |ST141 Corollary 3.12] 

We begin with three lemmas, which rely on the characterization of orbits given 
in Proposition 12.1.21 

Lemma 3.1.3. Let O be the supercuspidal orbit corresponding to rjo ■ of, —>■ C^. 
Let r]o{x) = (} for some x G of,. Then [Q(C) : Q] < 2[Q((!1) : Qj. 

Proof. Recall the construction of the dihedral representation in Definition 2.3, and 
let a G Aut(C); it is easy to check if GL 2 {L)^ acts on / via then it acts on 
a o f as uJco-q.aoip- This exhibits an isomorphism = (Maori, ao^}- 

But the representation is independent of the choice oi fr, so upon induction 
we get 

cr _ (7 _ 

TTfj — — '^(Torj, (TO'ip — '^aor}’ 

As such, if '^TT = TT for some tt G O then a permutes the character po with its 
conjugate pg under Gal(L'/L). Therefore, cr fixes (770 + 77o)(a;) and {r]oVo){^) 

X G of, so both these quantities are in Q(0). As such, ( = t]o{x) is a root of the 
polynomial 

- {Vo + Vo){x)T + {r]oVo){x) G Q(G)[r] 

and so ( is of degree at most 2 over Q((!l), completing the proof. □ 
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Lemma 3.1.4. Let O be a Steinberg orbit corresponding to xo ■ ^ . Then 

Q( 0 ) D Q(xo). 

Proof. Let t = (‘j and let / : G —>• C satisfy f(tug) = f{g) for some 

X with xl^x = xo Then a o f satisfies a o f{tug) = cr(x(tit 2 )), exhibiting an 
isomorphism between St(x) and St(CT(x))- Now the proof follows exactly as above. 

□ 

Lemma 3.1.5. Let O he an orbit consisting of principal series representations 
corresponding to xo, Xo ■ —>■ C^, with xo{x) = C x € o^. Then, [Q(C) : Q] < 
2 [Q(G) :Q]. 

Proof. Assume 'x = X ^ x' and assume '^tt = tt. Arguing as above, we have an 
isomorphism ’^x^ x' — (f^(x)) x {^ix')) ^ad therefore “^X x x^ — X x x^ if and 
only if cr permutes x and x'■ As such, a fixes both x + X^ and XX^- Therefore, 
Xo(a;) + x'o{x) and xo{.x)x'q{x) are in Q( 0 ) for all a; e o^. 

If Xo{x) = C tiiaa C is a root of 

- ixoix) + Xoix))T + xo{x)xoix) € Q(G)m. 

In particular, ^ is of degree at most 2 over Q(G), completing the proof. □ 

With these lemmas in hand, we can prove Proposition 13.1.^ 

Proof. From the discussion of conductors before Definition 12.1.31 we see that if 
c(0) > 3 then O takes one of the following forms: 

• G is a supercuspidal orbit corresponding to 770 : t Cx, with c{go) > 2 

• G is a Steinberg orbit corresponding to xo : 0 ^ —>■ Cx, with c(xo) > 2 

• G is a principal-series orbit corresponding to xo x Xq: where c(xo) > 2 (up 
to switching xo and Xo)- 

In the second two cases, xo is nontrivial on 1 + xulOl, a pro-p-group and so fp G 
c(xo)- In the first case, go is nontrivial on 1 -|- wl'Ol', again a pro-p group, so 
Cp G Qijlo)- Therefore, in all cases, [Q(G) : Q] > 5 [Q(Cp) : Q] = ^ > A. □ 

4. Fixed-Central Character Hecke Algebras and Plancherel 

Transforms 

In this section, we briefly introduce fixed-central-character Hecke algebras and 
Plancherel transforms. 

Throughout this section, F is & totally real field with [F" : Q] = n and A is the 
ring of adeles over F. R will be used to denote A or Fy for some place v of F. 

The definitions and lemmas below will depend upon a choice of Haar measure. 
Fix once and for all the following Haar measures: 

• If L is a p-adic field, and G{L) the group of L-points of some reductive 
group, the we choose the Haar measure giving a maximal compact subgroup 
measure 1 . 

• We choose the Euler-Poincare measure on GL 2 (R) (see section 5) and the 
standard Haar measure on Rx ^ 

• On an adelic group such as GL 2 (Ap’) or A^, we take the product measure 
of the local measures just described. 






FIELDS OF RATIONALITY OF CUSP FORMS 


11 


Definition 4.0.1. Let X be a closed subgroup of the center Z{GIj 2 {R)), and let 
X : X ^ be a unitary character. The Hecke algebra 7 t(GL 2 (i?), X, x) is the 
convolution algebra of smooth functions (j) : GL 2 (i?) C that are compactly- 
supported modulo X and that satisfy the transformation property 

(j){gx) = (j){g)x{x)~'^ for all 5 G G, a; G X. 

Definition 4.0.2. Let (j> G 'H(GL 2 (i?), X, x)- We define its Plancherel transform 
0 as a complex function on the space of representations tt with Xtt\x = by 

?(7r) = trje 'K{(j)) = tr u i-A / (t){g)TT{g)v dg 

\ dx\GL2(R) 

The integrand is well-defined since 0 (ga;) 7 r(ga;) = = 4>i.9)'^{9) 

for all 5 G G, a: G X. 

We repeat here a piece of notation that will be in effect throughout the paper. 
Greek letters like (j) and if are reserved for functions in some Hecke algebra, and then 
(j), tf will be denote their Plancherel transforms on the tempered spectrum. Latin 
letters like /, h will be used to denote elements of the larger set Jr of complex¬ 
valued functions on GL 2 (L)^; see Definition 16.2.31 

5. EuLER-POINCARE MEASURES AND EuLER-POINCARE FUNCTIONS 

Let ^ be an irreducible, finite-dimensional representation of GL 2 (Eoo) and let 
be its discrete-series complement: that is, for every v \ 00 , is equivalent 

to an induced representation in the Grothendieck group. In this section, we will 
prove the existence of a function G H(GL 2 (Foo), Z(Fco), Xj) such that for any 
infinite-dimensional representation tt' of GL 2 (Eoo), 



(5.1) 





TT = TTj 

otherwise; 


here the trace is taken with respect the Euler-Poincare measure on GL 2 {Foe) jZi (iGo): 

Definition 5.0.2. Let G be the compact inner form of GL 2 (K.)/ 2 ’(K.), and let 
be the Haar measure on G of total measure 1. We define the Euler-Poincare measure 
on GL 2 (K.) /Z (K.) as the unique Haar measure such that the induced measure on G 
is . 

The Euler-Poincare measure on Glj 2 {Fao)/Z{Fao) is given by the product mea¬ 
sure under the identification 


GL2(Foo) 

Z{F^) 


n 

i?|oo 


GL 2 (F„) 

Z{F,) 


n 

i;|oo 


GL 2 


To construct (/>j, it’s enough to have local functions (/>{„ and let cj)^ = ■ 

Let itr' = E’„_>o • 0(2)„ C GL 2 (Eu). For an irreducible finite-dimensional repre¬ 
sentation of GL 2 (Ei,) and an admissible representation tt^ such that and 7r„ 
have the same central character on Ei, > 0 , we define the Euler-Poincare character¬ 
istic: 

XEp(7rt, ® O = ^(-l)*dimiJ*(LieGL2(F„), ET', tt ^ 0 
2>0 

(here the cohomology is (g,i^r)-Lie algebra cohomology). 
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Clozel and Delorme [CD901 Theoreme 3] have constructed a function £ 
'H(GL 2 (F„), F„,>o, Xi^) such that 

= XEp{Trv<^0- 

It is moreover well-known that xep(fj,( 8 )^^) = 0 unless 7 r„ has the same infinitesimal 
character as (see the bottom of page 43 of |ST12j l. Since 7 r„ and also have the 
same central character (restricted to -F’-u,>o), then the Langlands classification for 
admissible representations of GL 2 (M) tells us that if ^ 0 , then 7 r„ must 

be of one of the following three forms: 

• 'Ey = 

• Ey is the discrete series complement of ^y] i.e., there is an exact sequence 

0 —^ ^ /Ji X H2 —^ Ey —y 0 

where p,i x ^2 is the representation induced from the character ® ^2 on 
the Borel subgroup. 

• If /ii, ^2 is as above, then Ey = x {^2 ■ sgn) or Ey = (/ii • sgn) x /i 2 - 
However, in the third case, Ey is in the continuous series, and since tr 7 r(,( 0 j„) = 0 
for all other continuous-series representations 7 r(,, then we must have tTEy{(f>^^) = 0 . 
We have therefore proved: 

Proposition 5.0.3. Assume 7 r(, is infinite-dimensional, that xep(f(, ® ^ 0, 

and that Xtt' cind x^„ agree on Hc.oo- Then 7 r(, is the discrete-series complement 
of^y 

If is the discrete-series complement of then (see 

the fact at the top of page 44 of [ST12) h By replacing with g 1 -^ + 

uiay assume (j)^„ G 7 ^(GL 2 (P.u), Z{Fy), xj„)- lu this case we 

have 

= - 1 - 

Here we are making a choice of Haar measure that will be in effect for the rest of 
the paper: the Haar measure on GL 2 {Fy)/Z(Fy) is chosen so that the finite group 
Z{Fy)/Fy^^o — {±1} gets total measure I, the measure on GL 2 (F.u)/F„_>o is the 
Euler-Poincare measure, and the measures are compatible under 
^ ZiFy) GL2iFy) GL 2 (F„) ^ 

T'v,>o Fv,>o Z{Fy) 

We will need later that ^!){„(1) = — dim(^^). This basically follows from the 
Plancherel theorem for real groups, and is proven at the bottom of p. 276 in 
|Art89| ■ 

Let ^ = ^y^y, and let 1^® discrete-series complement is 

We have proven the following: 


Corollary 5.0.4. Let F be a totally real field and let ^ be an irreducible finite¬ 
dimensional representation o/GL 2 (iGo)j whose complementary discrete series rep¬ 
resentation is E^. Then there is a function £ 'H(GL 2 (Foo): Z{Foo), Xj) such 
that 


• for any generic representation e o/GL2(E'oo), 




(—if E = E^ 

0 otherwise. 
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• 05 ( 1 ) = 

Proof. The only point that needs to be made is that ^ is generic (i.e. has a Whit¬ 
taker model) if and only if it is infinite-dimensional at every place. □ 

6. Representation-Theoretic Results for Fixed Central Character 

In this section, we will state three important representation-theoretic results 
for fixed central character: first, a simple version of the invariant Trace formula; 
second, a description of the fixed-central-character Plancerhel measure; and third, 
a fixed-central-character version of Sauvageot’s density theorem. To our knowledge, 
these results as stated are not explicitly written down in the literature, though they 
are known to the experts. 

We make a brief note on the proofs of these results. The results can be derived 
from the non-lixed central character versions stated in the literature with abelian 
Fourier analysis; this is the tack we will take. Because the proofs are long but 
elementary, we have decided to put them in the appendix; we will simply state the 
results here. 

For the fixed-central-character trace formula, it is worth noting that the ver¬ 
sions of the trace formula for GL 2 stated, for instance, in [G.T791 (7.14)-(7.19)], 
[Shi63] . p4L06[ Theorem 22.1] and [Pall2] are all fixed-central-character versions. 
However, we believe it is easiest to take the version from |Art02) as a starting point 
since it fits most nicely into the framework of [Art 88 j and [Art89) , and the geometric 
terms of trace formulae in these papers are easiest to manage. 

6.1. Fixed-Central-Character Invariant Trace Formula for GL 2 . We begin 
with a definition: 

Definition 6.1.1. Let 0 : GL 2 (A) —)• C be smooth and compactly-supported 
modulo the center. 

• Let 7 € GL 2 (A) and let G.y(A) be its centralizer in GL 2 (A). We define the 
orbital integral 

0 ^{(t>)= [ (j){g~^-fg)dg 

JGt(A)\G(A) 

• Let 7 G T(A°°), the torus of diagonal elements. We define the constant 
term 

= j dadk. 

If 0 is a product of local functions, the the constant terms and orbital integrals 
decompose as products of local constant terms and local orbital integrals. 

Definition 6.1.2. Let 7 „ G GL 2 (F„). We say 7 ,, is elliptic if it is semisimple and 
the split component of the center of the centralize is Ag{Fv)- Equivalently, 
in the case of GL 2 , 7 ,, is either central, or it is semisimple but not diagonal in 
GL 2 (F„). Let0 = n„ be smooth and compactly-supported modulo the center. We 
say 0 is cuspidal at a place v if for every element jy G GL 2 (Fu) that is not elliptic, 
the orbital integral O.y„(0i,) vanishes. 

Here we note that the Euler-Poincare functions 0^ at 00 from the previous section 
are cuspidal (see, for instance, page 267 of [Art 8 9) 1. this will allow us to use simpler 
forms of the trace formula. 
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Proposition 6.1.3 ((Fixed-Central-Character Invariant Trace Formula)). Let F be 
a totally real field and let A be its adele ring. Let x be olti automorphic character of 
. Let f) = 4>°°4>^ € 'H(GL 2 (A), Z{A), x), where is an Euler-Poincare function 
as in Corollary \5.0.4\ 

• If F = Q then 

^tr 2 (<^) = vol(G(A)Z(A)\G(A))<(.(l) 

TT 

+ ^ C{G,x)vo\{Z{F)AG,oo\Z{A))0-,{(t>) 

-fe(G(F)-Z(F)}/Z(F) 

7 semisimple 
7oo elliptic 

+ Y. C{T,x)yol{Z{F)AG,oo\Z{A))Q-,{fi) 

7GT(F)/Z(E) 

• If F Q then 

= vol(G(F)Z(A)\G(A))0(l) 

TT 

+ ^ G(G, 7)vo1(Z(F)Ag.oo\^(A))0^(</)) 

7G(G(F)-Z(F))/Z(F) 

7 semisimple 
7oo elliptic 

Here C(G,x), C{T, 7) are constants that depend only on 7 and not on fi. 

It will be useful to name the expressions in the above equation. We denote the 
left-hand, or spectral side, as Ispeci4>, Z{A), x)- The right hand, or geometric side, 
we will denote by Igeomi4>, Z{A), y). 

Remarks 6.1.4. The exact values of the constants G(G, 7) and G(T, 7) are unnec¬ 
essary for our purposes since we will show that these terms vanish asymptotically. 
The interested reader can see Theorem 6.1, and the subsequent remark, in [Art 8 9) . 
or (4.2), (4.3), and (4.4) of [Shil2] . 

Proof. Only a sketch will be necessary, since the leg work has been done in [Art88] , 
[Art89] . and [Art02| (in fact, we will simply piece these results together). To this 
end, consider the fixed central character invariant trace formula given in [Art02] . 
The geometric side is given in |Art02j [Proposition 2.2]; this contains the same terms 
as the geometric side of the trace formula given in [Art88| . except that the sum is 
over conjugacy classes modulo center. The spectral side given in [Art02| [Proposition 
3.1] and matches the spectral side in Art88, except that it restricts to the set of 
representations where the central character is fixed. 

With this in hand, the versions of the trace formula given above follow exactly as 
the proofs of the non-fixed central character analogs. For the first version, we can 
follow the arguments of sections 2-6 of [Art89] to discern (i) as the analog of Theo¬ 
rem 6.1 there. The second version follows similarly as an analog of [Art88] [Corollary 
7.5]. 

□ 

6.2. The Fixed-Central-Character Plancherel Measure. We now turn away 
from the trace formula to a pair of local results involving the Plancherel measure. 
For reference, we begin with the following result, following [Wain3] : 
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Theorem 6.2.1 ((Harish-Chandra’s Plancerhel Theorem)). Let L be a local field 
and let GL 2 (i)^’* be the tempered spectrum of GL 2 (T). Given a measure on 
GL 2 {L), there is a unique measure on GL 2 (T)^’*, called the Plancherel measure, 
such that, for any function (j) G Cf°{GL 2 {L)), we have 



We also have the following density theorem of Sauvageot [San971 Thm 7.3]: 
Theorem 6.2.2. [(Sauvageot’s Density Theorem)] Let f : GL 2 (T)^ C be sup 


ported on a finite number of Bernstein components and assume it is continu¬ 
ous outside a set of Plancherel measure zero. Given e > 0, there are functions 
4 >, G {GL 2 {L)) such that 
(i) |/(7r) — 4i{'k)\ < tpiTr) for all tt G GL 2 (L)^, and 
(a) < e 

In view of this theorem, we make the following definition: 

Definition 6.2.3. The set .^o(GL 2 (L)^) is the set of complex-valued function that 
are supported on a finite number of Bernstein components and that are continuous 
outside a set of Plancherel measure zero. 

Indeed, Sauvageot proves that the function in Tq are precisely those for which 
Sauvageot’s density theorem holds, but we will not need this fact here. 

Remark 6.2.4. We note that Harish-Chandra’s Plancherel Theorem and Sauvageot’s 
density theorem apply equally well to a finite set of places, in the following sense: 
if f is a global field and S a finite set of finite places, we may replace the L in the 
statements above with Fg. 

In order to state the properties of the fixed-central-character Plancherel theorem, 
we’ll need to briefly recall some facts about the construction of the Plancherel 
measure from [Wal03] and [AP05) . Let O be a tempered orbit in GL 2 (L)^’‘ and 
let TT G O. Then there is a parabolic subgroup P, a Levi subgroup M < P, and a 
discrete series representation w of M such that tt = Ipiu)). 

Let Xu{M) be the group of unramified characters on M{L), and let Om be the 
set {w 0 T : r G X„(M)}. Then there are surjections 

Xu{M) —» Om —» O 

where the first map is r i—>■ w 0 r and the second map is uj' i— IpUj'. 

Definition 6.2.5. Let i : X he a, surjective, finite map of orbifolds equipped 
with measures pix, P-y- We say i locally preserves measures if there is an open X' C 
X and an open cover {[/„} of X' such that px{X — X') = 0, pY{i{X — X')) = 0, 
and for each U C [/„, px{U) = pY{i{U)). 

This definition may be ugly, but has the following useful property: ii i : X ^ Y 
locally preserves measures and i? C A is an open fundamental domain for the map 
(so that E ^ Y is injective and covers Y up to a set of measure 0), then for any 
function h :Y —>■ C we have 



We now define the canonical measure. 
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Definition 6.2.6. Let M C GL 2 (L) be a Levi subgroup with center Z{M). Let O 
be an orbit in GL 2 (L)^’* induced from M. Consider the surjective, finite maps 

Xu{Z{M)) ^ Xu{M) ^ O. 

We give Xu{Z{M)) the Haar measure with total measure 1. If measures dxM on 
Xu{M) and dir on O are chosen so that i, j locally preserve measures, then we call 
diT the canonical measure on O. 


The Plancherel measure is absolutely continuous with respect to the canonical 
measure dir: there is a continuous function pP* such that d'fP^{TT) = 9P*(7r) dir. The 
Plancherel density function is given explicitly by 


PP'^Fcc) = c(G|M)-2y(G|M)-VG|M(w)rf(w) 
= 7(G|M)-V(w)"^d(w). 


The 7 and c factors is as described and computed on p. 241 of loc. cit. The 
term d{uj) is the formal degree of w; this is defined by the condition that 


/ {uj{m)vi, vi) {v 2 , dj{m)v 2 ) dm = d{u}) ^ (iii, 1 ) 2 ) (i^ 2 , ill) 

for vi, V 2 € Vcj and vi, V 2 G Vcj, where w is the contragredient representation. 

The j{(jj) is the scalar given by an intertwining operator IpUj —> IpUi] these 
intertwining operators are defined in ch. I of loc. cit. Finally is chosen to 

be equal to c(G|M)^j(a;). 

Remark 6.2.7. Note the dependence on Haar measures: (/((tt) depends on a Haar 
measure on G, whereas and d{io) depend inversely on Haar measures on 

iV, M respectively (where N is the unipotent radical of P = MN); we choose Haar 
measures dg, dm, dn, dk so that dk is the restriction of dg to the maximal compact 
subgroup K and so that 


for any cj) e G“(G). 


Hg) dg 


m <f>{mnk) dk dn dm 


We define similarly the fixed-central-character canonical measure. Fix a char¬ 
acter X : —>• and let be the subset of O where Xti- = X- Fix w such 

that TT = IpOj and Xtt = X) let W„(M)o be the kernel of the restriction map 
Xu{M) —>■ Xu(Z{G)). Then the surjection Xu{M) —> O restricts to a surjection 
Xu{M)q -5- O^, and we define the canonical measure on so that 

• There is a Haar measure on Xu{M)o such that the map Xu{M)q -5- 
locally preserves measures, and 

• O and have the same canonical measure. 

We now discuss the fixed-central-character Plancherel measure, and list some of 
its properties. 


Proposition 6.2.8. Let L be a local field, let x '■ C be a eharacter. Let 

GL 2 (P)^’*’^ be the subset of the tempered spectrum consisting of those representa¬ 
tions TT with Xtt = X- There is a unique measure /jP* on GL 2 {L)^’*'^ such that, for 
any € 'H{GIj 2 {L), Z{L), x) we have 

H^)=[ ^Mdfil\TT). 

JGh2(L)'''-t'X 
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Moreover, the fixed-central-character Plancherel measure satisfies the following prop¬ 
erties: 

(i) Let dir be the canonical measure on GL 2 (L)^’*, let he the Plancherel density 
function with respect to the dir, and let dir^ be the canonical measure on 
GL 2 (L)^’*’^. Then dfiL^ = 

(ii) Let TT G GL 2 (L)^’*’^. Then 0 if and only if tt is a discrete series 

representation. In this case, ^P^(7r) = d{'K). 

(in) Sauvageot’s density theorem holds for the fixed-central-character Plancherel 
measure, in the following sense: given f^ on GL 2 (L)^’^ that is supported 
on a finite set of Bernstein components and that is continuous outside a set 
of Plancherel measure zero, we may find ip G 7^(GL2(L), Z, x) such that 
I ~ ^ such that ^^{ip) < e. 

Property (iii) will be necessary to extend the methods of [?], [Shil2] . and [ST12] 
to the hxed-central-character setting. Properties (i) and (ii) will be necessary to 
apply the computations of |CMS90) and [AP05] to the fixed-central-character set¬ 
ting. 

6.3. Explicit Computation of the Fixed Central Character Plancherel 
Measure. In this section, we use the results of [CMS90] and [AP05] to determine 
explicitly the fixed-central-character Plancherel measure for GL 2 (A), where L is a 
local field. Throughout this section, q is the cardinality of the residue field of L. 

Computation 6.3.1. Parts (1), (2), (3), and part of (4) have been computed by 
[Shil2| . and we recall the results here, with appropriate citations in |AP05| . and 
give an explicit value of the formal degree for supercuspidal representations, as 
computed in |CMS90| . Note that Aubert-Plymen’s function p,g\m{^) satishes 

MG|M(w)c(G|M)-2y(G|M)-i = 

Here c(G|M) is defined as in Waldspurger directly following the definition of 7 (G|M); 
for G = GL 2 (T), we have c(G|M) = 1 for all Levi subgroups M. 

(1) If O corresponds to Xo xxoj then uj{0) = i. We have M = T so 7 (G|M) = 
and d(uj) = 1. |AP05[ Theorem. 4.4] then gives 

, (g-l-1)^ 

Mg|m(x ® X ) — —— 

so that 

Integrating this function on x yields 2, so that /Ip'(O) = I. 

We remark that the density function is independent of choice of uniformizer 
since X 2 and xi differ by an unramified character. 

If we fix the central character, note first that we must have Xo = X^\o^ ■ "hhe 
canonical measure of is still 1/2 and the Plancherel density function still 
integrates to 1. 

(2) If O is a principal series orbit corresponding to xo x Xo: then the canonical 
measure is 1. [APOdl Theorem 4.3] says that is constant on such orbits and 


1 - ix'x )(^) 


1 - (x'x )(^) 

1 -g"Hx'x“^)(^^) 
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equal to 

7 (G|M)(7 ^(^o ^ ^ q<Xo^x'o) 

q 

so that 'JF'^{0) = Xo). 

If we fix a central character x where ^ 0, then is topologically 
isomorphic to S^. The canonical measure of O is the Haar measure of 5'^, and 
the Plancherel measure has uniform density 2 ^gc(xo xo. 

(3) If O is a Steinberg orbit, then M = G and thus the canonical measure is 2. The 

7 and j-terms are uniformly I, so we simply need to find the formal degree. The 
formal degree of a Steinberg representation of GL 2 (T) is so and 

^P'(O) = q — 1; see [AP05I (17)] or [CMS901 (2.2.2)] and note that the formal 
degree of a Steinberg is invariant under twisting by any unitary character. 

If we fix a central character then consists of two disjoint points, each of 
measure diir) = 

(4) If O is a supercuspidal orbit, then the same logic as above says that = 

d{'K) and that this is constant on O, so that ^p'((!I) = 

Let TT = TT,, for ?7 : L'^ —>• C^, with conductor c(r?). By fact (iv) after 
Definition 2.3, if L'/L is unramified then r( 7 r) = 2, and if L'/L is ramified then 
r( 7 r) = I. Moreover, the formal degrees are computed in |CMS901 Theorem 
2.2.8]. From the remark between (2.1.2) and (2.1.3) of loc. cit., we deduce that 
OL(rf) is the minimal conductor of all characters of the form rj ■ (x ° ^l'/l)^ 

X ranges over all characters of L ^. 

Then Theorem 2.2.8 of loc. cit. proves that if L'/L is unramified, then 
d{T:) = {q— 1 ) 9 “*'’'^“^ (note that the quantity given in 2.2.8 must be multiplied 
by because they choose their Haar measure so that yo\{KZ/Z) = d(St) = 
whereas we choose it to be 1, and the formal degree depends inversely on 
the choice of Haar measure). Similar logic says that if L'/L is ramified, then 
d(7r) = i(q^ — l)q~^~^. If L'/L is ramified and rj is trivial on 1 + then 
we can picky : ^ such that ry-(xoiV^z/i) is trivial on \+p^£i\ therefore, 

a{n) is even in this case. 

In either case, if we fix a central character y, then each supercuspidal rep¬ 
resentation of central character y satisfies = d{TT). 

Remark 6.3.2. It is worth comparing the tempered orbits of our situation to Wein¬ 
stein’s inertial types at finite places |Wei09] . Using our characterisation of orbits O, 
we see that if tt and tt' are tempered representations in the same orbit, then their 
associated Weil-Deligne representations p' {'k) have the same restriction to the 
inertia subgroup II and the same monodromy operator. As such, two tempered 
representations are in the same orbit if and only if they have the same inertial type. 

We claim that if an inertial type t°° = (Tp)pjoo is unramified outside the finite 
set S of finite places, and Tp corresponds to the orbit Op, then 

dirn = ( n 

When O is non-supercuspidal, this follows simply by comparing d(rp) in [WeiOfil 
pp. 1390, 1393] to yIp*(Op) as given in Computation 16.3.11 
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There is a discrepancy when O is a supercuspidal orbit corresponding to a char¬ 
acter ly on a ramified extension. We believe this to be a minor miscomputation. 
The value of dimr(7r) is given on page 1394 and should be equal to | 
where is given as in (3) on page 1398. An explicit computation of J° shows that 
the index is {q^ — \)q~^ , not (q^ — as on page 1394. This matches up 

with the Plancherel measure of the supercuspidal orbit as given in Computation 
1041 141. following |CMS9nj . 

7. Counting Measures and Test Functions 

In this section, we switch back to the global setting. We’ll adapt the counting 
measure of (9.4) of |ST12] to our setting. Throughout this section we fix 

• a totally real field F, 

• an irreducible, finite-dimensional representation ^ of GL 2 (Foo) with discrete- 
series complement ttj and Clozel-Delorme function (j)^ (see Corollarv l5.0.4l) 

• an automorphic character y : ^ extending y^, 

• a finite set S of finite places. We set Fs — GL 2 (Fs) = 

n„e5GL2(F.). 

We also fix the following notation: 

• Ky = GL2(0i7’_^) for any finite place u, 

• (j)s S ^(GL 2 (Fs), Z{Fs), ys) with Plancherel transform (/)5 on GL 2 (F 5 )^’^®, 

• /s, hs denote elements of ^o(GL 2 (F 5 ))^ (or ^o(GL 2 (F 5 )^’^)), and 

• is a product of smooth functions (jiv & 77(GL2(F„), Fy , Xv) for finite 

places V ^ S. We will assume that at all but finitely many 

places, and such that (py is supported on F^ Ky everywhere. 

We will begin with a definition: 

Definition 7.0.1. Fix S and y as above. Given a tuple {fs, , £f), we define a 
multiset 

•F = J-disc.x(7s, 0 

as follows: for a discrete automorphic representation tt = its ® t^oo with 

Xtt = X, tt occurs in F with multiplicity 

ajF(7r) = (-l)[^’‘®'TOdisc(7r) ■ ls{'^s) ' 7'®’“(7r‘^’°°) • tTz{F,,^) T^{(pi)- 

Here mdisc('T) is the multiplicity of tt in the discrete spectrum of GL 2 (A). 

Define Fcusp.x similarly, but with rridisc replaced by rricusp, the multiplicity in 
the cuspidal spectrum. 

It follows from Harish-Ghandra’s finiteness theorem that, for F as defined above, 
a^(7r) = 0 for all but finitely many tt. Moreover, TOdisc('T) = 0 or 1 by strong 
multiplicity one. Also, residual spectrum of GL 2 (A) consists of one-dimensional 
representations, so if dim^ > 1 then Fcusp = Adisc as a multiset. 

Definition 7.0.2. Given a multiset F, say tt G F if a^(7r) 0. If F is finite, we 

define 

l-^l = '^ajr{F). 
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Remark 7.0.3. We have borrowed the multiset notation from [Shil2) and [ST12] . 
but we have both simplified and generalized to match our needs. For instance, we 
have eliminated their set Si (or rather, assumed is empty) and let S = Sq. On 
the other hand, we have generalized their insistence that be an idempotent 

element corresponding to an open-compact subgroup; this will slightly simplify our 
proof, and will be strictly necessary when we show a partial extension of our result 
to newforms. We have also restricted to an arbitrary fixed central character. 

Definition 7.0.4. Fix an irreducible finite dimensional representation ^ of GL 2 (F'oo), 
an automorphic character X extending xj, and G 7 t(GL 2 (A‘^’°°), x‘®’°° 

We define the counting measures ^ ^ and /r^sfoo 4 as linear functionals on 

=^o(GL 2 (F 5 )^’>^) by 

^cusp (T \ _ l-^cusp, x(/s! 01 

^ tz{G) ■ ■ dim^ 

and 

;^disc fTs Iodise. 

® T2(G) • • dim^ 

Here tz{G) is the measure of GL 2 (F)Z(A)\GL 2 (A), computed using the Euler- 
Poincare measure at 00 and the canonical measure at all finite places. 


7.1. Test Functions for Counting Cusp Forms. We begin by defining the test 
functions we’ll use to count cusp forms: 


Definition 7.1.1. Let x be an automorphic character with conductor f(x) and let n 
be a nonzero ideal in Of with f(x) | n. We define (/)n,x ^ 7 t(GL 2 (A°“), Z{A°°), x°°) 
as a product of local factors, as follows 

• At all places p not dividing n, ^n,x,p is supported on FpKp, with (j){z-Kp) = 
Xp^iz)- 

• Otherwise, if ordp(n) = r, then 4>n,x,p is supported on Fp^ro(p’'), and 

(c d) =^ol(ro(p’'))”^X^^(a)- 


Lemma 7.1.2. Let Tip have central character Xp and let ordp(n) = r. Then 
tr 7 r( 0 n_^^p) is the dimension of the space of vectors v G Vp such that Tr{'j)v = x(p)v 

for any X = {id) ^ ro(p’')- 


Proof. Let 


00 ( 5 ) 


</’n.x,p(5) |det( 5 )| = l 

0 otherwise 


so that 4 >n,x,p is th® average of (fo with respect to Xp- As such, for any TTp with 
Xttp = Xp, we have trz{F^) T^{(t>n,x,p) = tr 7 r((po). 

On the other hand, it is elementary to check that Tp{(fQ) is a projection from 
onto the space of vectors v so that tt (“ ^) = Xp(a) • f for (“ ^) G ro(p’'). This 

completes the proof. □ 


Proposition 7.1.3. Fix the following data: 

• A finite set S of finite places; 

• an irreducible finite-dimensional representation f o/GL 2 (Foo), with com¬ 
plementary discrete series representation 








FIELDS OF RATIONALITY OF CUSP FORMS 


21 


• an automorphic character x of conductor f extending x^; 

• a nonzero ideal n of Op wih f | n. Write n = where 115 is divisible 

only by primes in S and n'® is coprime to S; and 

• a function hs G ^o{GIj2{Fs)^) ■ 

Let 

F = -^cusp,x(^S ■ f^ns,X’ 

Then |J^| counts the cuspidal GIj 2 {A)-representations with Xtv = X, Too — tj, 
and conductor 0 dividing n; such a representation tt is counted with multiplicity 
hs{TTs)d{n/'0). 

Proof. Let tt be an irreducible cuspidal automorphic representation with central 
character x and conductor 0 . Then it has a Whittaker model, so each of its 
archimedean components has a Whittaker model. If iTy is generic and tv ^ 

0, then TTy = TT^^, and trT:i(4>^^y) = — 1 by Corollary 15.0.41 

By Lemma [7.1.21 and the classical result of Casselman (see Theorem 4.24 and the 
discussion before Remark 4.25 of |Gel75) l. we have that tr = d{n^ 

Similarly, hs{'!Ts)4>ns,,xi.'^s) = ^s(Ts)d(ns/ 0 s), completing the proof. □ 


Corollary 7.1.4. Let S, hs be as above. Let k be a weight and x 0 , character of con¬ 
ductor f occurring in weight k. Let = ®«|oo > where = Sym^”“^(]R^)| det | 2 

//f I n and ns, n'® are as above, and 

F — .^cusp,x(^S ■ Pns, X’ ,X’ 

then |J^| counts the number of cusp forms of weight k, level n, and character y, 
where a cusp form f is counted with multiplicity /is(t/,s). 


Proof. This follows directly from the previous proposition and the correspondence 
between cusp forms and cuspidal representations, once we note the following two 
facts: 


• If / is a cusp form of weight k and is as above, then TTf^oo = |RT111 

Theorem 1.4]; and 

• If f is an new form of level 5 and character y, then the multiplicity of f in 

*S'fc(ri(n), x) is d(n/0). 


□ 

Corollary 7.1.5. Let^, y, f, n be as above. Define G 7 {(GL 2 (A°“), Z(A°°), x°°) 
by 


{ Pn,x,p ordp(n/f) = 0 

4‘n,x,p ~ 2 • 4>n/p,x,P OI'dp(n/f) = 1 . 

4>n,x,p ~ 2 • (pn/p,x,p F (pn/p^,x,p ordp(n/f) > 2 
Assume ^ is a finite dimensional representation with y^ = yoo- If 




cusp,x 




then jA”! counts the number of automorphic representations tt of exact conductor n, 
Xtc = Xj TToo = Tj, with multiplicity ap(7r) = /is(ts)- 

When ^ is as in Corollary \7.1.4\ lA"] counts the newforms of weight k, level 
n, and conductor y with multiplicity ap{f) = hs(T/,s)- 
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Proof. The second statement follows from the first as in the proof of Corollarv l7.1.4l 
To prove the first statement, we just need to prove that is 1 if f(7r) = n, 

and zero otherwise. By writing the trace as a product of local traces, it’s enough to 
show that if if ordp(n) = r, then we need to show that ^n®,^p(7rp) is 1 if c(7rp) = r 
and zero otherwise. 

If c(7rp) = r, then $n,x.pi'^p) = 1 and ^n/p,x,pi'^p) = ^n/p^,x,pi'^p) = 0- 
If c(7rp) > r then evidently </'n™p(7rp) = 0. If c(7rp) = r' < r — 1, then we have 

(’^p) ~ 2 ■ <^n/p,x,p (^p) “I" 4’n/p^ ,x,pi'^p) 

= {r + 1 - r') - 2 ■ {r - r') + {r - 1 - r') 

= 0 


□ 

Recall the counting measures defined in (I7.0.4p . The goal of the next sections is 
to prove the following: 

Theorem 7.1.6 ((Plancherel equidistribution theorem)). Let S be a finite set of 
places, f an irreducible finite-dimensional GL 2 {Foo)-representation, x automor- 
phic character with Xoc = X?: (^a) o, sequence of levels divisible by and 

coprime to S, such that N{n\) —>■ oo. For simplicity let fis,\ = fis,<j>n,x.i> 
superseript cusp or disc. Then 

lim (/s) = lim /Is"a(7s) = Ms.xs^/s)- 

We conclude this section with a lemma, which will start the proof of the theorem. 

Lemma 7.1.7. In Theorem \7.1.(^ the second equality implies the first. 

Proof. If dim ^ > 1 then any discrete automorphic representation tt with tToo = 
is cuspidal, and so we are done in this case. 

Otherwise, assume dim^ = 1. Fix fs and let 1* be the characteristic function of 
GL 2 (F’s)^’‘ in GL 2 (F’s)^. The Plancherel measure is supported on the tempered 
spectrum, so fi^^ifs) = ‘ I*)- a positive function hs, we have 

0 < fif^^hs) - nr'^ihs) < tri-^hs) - nT%hs • i‘); 


this follows because hs is positive and because every discrete representation that 
is tempered at S is cuspidal, since the residual spectrum of GL 2 (A) consists of 
one-dimensional representations. (It is conjectured that every cuspidal representa¬ 
tion is, in fact, tempered everywhere; this is the generalized Ramanujan-Petersson 
conjecture). We therefore have 

inT^ifs) - - Trnm) 

<fiT%\fs\-l^-\fs\) 

As A —>■ oo, the final term approaches /r^H|/s| —l*-|/s|). But the Plancherel measure 
is supported on the tempered spectrum, so this is zero, finishing the proof. □ 
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8 . Asymptotic Bounds on Constant Terms and Orbital Integrals 

The goal of this section is to bound the constant terms ( 57 (l(z(A“ro(n)) and 
orbital integrals O 7 (lz(A“)ro(n))■ We will begin by computing local orbital integrals 
and constant terms and then summarize the global consequences in subsection 18.31 

Throughout, we will choose measures on G = GL 2 (Fp), T the diagonal torus, 
N the subgroup of upper-triangular unipotent matrices, and Kp = GL 2 ( 0 i?^p) so 
that maximal compact subgroups are given measure 1; this also ensures that dg = 
dtdndk under the Iwasawa decomposition G = TNK. 

The key tool will be an analysis of the Bruhat-Tits tree for SL 2 . We recall a 
definition: 

Definition 8.0.1. Consider the p-adic field Fp. The Bruhat-Tits tree X of SL 2 (Fp) 
is a graph consisting of the following data: 

• The set of vertices is the set of equivalence classes of rank-two lattices 
A C Fp , with A ^ A' if they differ only by a scalar multiple. 

• Two equivalence classes [A], [A'] are adjacent if and only if there are lattices 
A s [A], A' G [A'] such that A A A' A -07 • A. 

We briefly recall some facts: 

(1) The degree of every vertex u G A is g -I- 1. To see this, fix a lattice A. If 
A' C A with index g, then vjK C A' C A, and so A' corresponds uniquely to 
a one-dimensional subspace in K/wA. = F^. On the other hand, if A' D A 
with index q, then A' is equivalent to znA', which is a sublattice of A of index 
q. Moreover, if Ai ^ A then all index-g sublattices of Ai are equivalent to 
an index -(7 sublattice of A. 

(2) A is a tree |Ser80[ Theorem 1]. 

Let {ei, 62 } be the standard basis of Fp. A has a distinguished line Aq whose 
vertices correspond to the lattices with bases {ei, - 07 * 62 }; this is known as the 
standard apartment. For fixed g G GL 2 (Fp), A = p • Aq is called an apartment. 
Given a vertex w and an apartment A, let d{w, A) be the distance from w to A. 
Because A is a tree, there is a unique vertex w' € A such that d{w, A) = d(-u;, w'); 
we define hA(w) = w'. 

By the Iwasawa decomposition, every vertex has an associated lattice A with 
basis {ci, aei to** 62 }, where s G Z and a € Fp. We denote this vertex by Wa,s- 
Note that Wa,s = Wa'.s' if and only if s = s' and a — a' G Op.p, and that Wa,s G Ag 
if and only if a G 0 i?_p. It is elementary to check by induction that if a ^ 0 i?^p then 
d{wa,s, Ag) = —vp{a) and that bAaiwa^) = '*no,s-«(o); this follows because Wa,s is 
adjacent to rcro-a.s+i- 

We say a set of vertices {wg,..., wr} is a. segment (of length r) iid(wi, wj) =i—j 
for all 0 < i, j < r. 

The action of GL 2 (Fp) on the set of lattices in Fp descends to an action on A 
by graph automorphisms. We have the following: 

Lemma 8.0.2. Let 7 G GL 2 (Fp). Then 'y G Z ■ ro(p’') if and only if j fixes the 
length-r segment Sr = {icgp, wqa, ■ ■ ■, rco.r}- 

Moreover, g~^jg G Z ■ ro(p’’) if and only if ^ fixes g ■ Sr- 

Proof. The second statement follows from the first. To prove the first, a quick com¬ 
putation yields that 7 fixes the lattice A^ if and only if 7 G Z • ( ^ io ^*)- 

The intersection of such subgroups from * = Oto* = risZ-ro(p’'). □ 
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8.1. Computation of Constant Terms. Let t = (*q we wish to compute 
the constant term Qti^z-roip''))- We begin with a lemma: 

Lemma 8.1.1. Let t ) G Kp and let w £ X be a vertex. Then t fixes w if 

and only if d{w, Aq) < Vp{ti — < 2 ). 


Proof. Write w = Wa,s, and note that t fixes Wa,s if and only if 
fh iti-t 2 )a\^fl a\~^ fti 0\/l a\ 

Vo t2 j Vo Vo ^ 2 / Vo 


£K ■ Z 


which occurs if and only if (ti — t 2 )a £ o^.p- 

Since d(wa,s, ^ 0 ) = —Vp(a), this completes the proof. 

Proposition 8.1.2. Let ti ^ t 2 £ Op^. Then 


Q'li'i-z.roip^)) < 


vol(ro(p’')) 


r < Vp{ti - t2) 
r > Vp{ti - t2). 


□ 


Proof. Fix a strictly upper-triangular matrix n and note that for any k £ K we 
can only have k~^tnk £ K \i n £ K. Since ti ^ t 2 , there is a (/ so that g~^tng = t 
and therefore the set of vectors fixed by tn is of the form g ■ X*. It A = g ■ Aq, 
then w £ X*” if and only if d{w, A) < Vp{ti —t 2 ). 

Fix n £ NnK; we have k~^tnk £ Z-To{p^) if and only if the segment k-Sr C X*". 
We note that the initial vertex of fc • S'r is luo.o; we will show that there number of 
such segments contained in X*” is at most [K : Fo(p’’)] if r < v{ti — ^ 2 ), and is at 
most otherwise. The first statement is obvious simply by counting the 

total number of segments of length r with a given initial point. 

For the second case, we note the following: since X is a tree, if S' = {wq, ■. ■, we) 
is a segment with d{wi, A) > d{wo, A), then d{wi+i, A) > d{wi, A) for all i. As 
such, if fc • Sr is a segment contained in then for all 1 < i < r — Vp{ti — 12 ), we 
have d{wi, A) < d(wi-i, A). As such, we claim that there are at most 
segments of the form k ■ Sr = {rco) ■ • ■ ^ contained in X‘”. Because k £ K, we 
have Wq = Wq. For each 1 < i < r — Vp(ti — ^ 2 ), if Wi-i ^ A, then Wi is the unique 
neighbor of Wi-i with d{wi, A) < d(wi-i, A). If the Wi-i £ A and Wi -2 ^ A, then 
Wi must be one of the two neighbors of Wi-i in A. Finally, if Wi-i, Wi -2 £ A, then 
Wi must be the other neighbor of Wi-i in A. Finally, if i > r — Vp{ti — ^ 2 ), then Wi 
can be any of the q neighbors of Wi-i which are not equal to Wi- 2 . This completes 
the proof of the claim. 

Therefore, for any n £ N we have 




r < Vp{ti 
r > Vpfti 


^ 2 ) 

^ 2 )- 


and so integrating over n £ N PK completes the proof. 


□ 


We will also need to compute the constant term (5z(lz.ro(p'')) fo^ a central 
element z. 


Proposition 8.1.3. Let z £ Z{Fp). Then 



Qz(lz-ro(p’-)) 


r = 2k + \ 
r = 2k. 
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In particular, Qz(lz-ro(p’-)) < 9 

Proof. We can assume that z = 1 and once again find the fixed subspace X” for 
n = (q € K. Let Wa, s be as in the beginning of the section. Since 

/l a \ ^ 

^0 zuy Vo ly Vo tuy “Vo i J 

we see that Wa,s G if and only if s > —v{h). In particular, if bAo{w) = wo,s, 
then d{w, icq.s) < s + u(6). Alternatively, A” is the union of balls of radius s + v{b) 
around wq.s € Aq, for s > —v{b). 

For fixed n, the volume of the set 

{k€K : k-^nk G ^•Folp’')} 

is the product of vol(ro(p’’)) with the number of segments {wq, ..., Wr} whose 
basepoint is wq = wo,o and which are contained in A". Let n = (J J). If Up( 6 ) > r 
then all length-r segments with basepoint wq are contained in A", so the total 
volume is 1 . If r > Vp(b), then for any i < we must have Wi = wq^; for 

each subsequent step there are q choices, so the total number of segments contained 
in A” is 

As such, we compute 

[ [ lz-ro{p-){k~^nk)dkdn = q-^ + ^{q - 

Jn JK Q \Q -r 

An elementary computation using induction shows that this is equal to the quantity 
stated. □ 

8.2. Computation of Orbital Integrals. The goal of this section is to prove: 

Proposition 8.2.1. Let 7 be a non central, semisimple element o/GL 2 (L'p). Then 

O'ji'i-z-roip'')) < 2 • vol(ro(p’’)) • Oj{1z.k)'^- 

We’ll break this into two cases: the case where 7 is elliptic, and the case where 
7 is non-elliptic. 

Lemma 8.2.2. If ^ is elliptic and noncentral then the set A'*' is finite. 

Proof. We can compute the fixed set directly, assuming 7 G A by conjugating and 
multiplying by an element of the center. If 7 is elliptic then it is conjugate to a 
matrix of the form 

f X ?/\ 

\ay x) 

where a is either a unit that is not a square, or a is a uniformizer. 

If a is a unit, then the A'’' is the single point {wo,o}- If a is a uniformizer, then 
A^ consists of those vertices w with d{w, Sp) < v{y), where is the length-one 
segment {icq.Oj i}- In either case. A'*' is finite. □ 

We will now prove Proposition 18. 2. Il 

Proof of Provosition \8.2.I[ Assume first that 7 is elliptic, and by conjugating as¬ 
sume 7 G ro(p’'). Then Oy{lz.Kp) is the cardinality of A^. As such, for a given 
length r, there are at most O^yz-Kp)"^ segments of length r contained in since 
each segment is determined uniquely by its two endpoints. For a given segment S'', 
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the volume of the set {g G G-y\ GL 2 (Fp) : g ■ Sr = is vol(ro(p’')). This finishes 
the proof when 7 is elliptic. 

'ti O' 


0 t 2 


^ G K. In this case, |van721 


If 7 is diagonalizable, we can assume 7 = 

Lemma 9] tells us that 

= I-Dt(7)Ip ^^^<37(l2-ro(p'-)) 

where 73^(7) is i-ii® determinant of I — Ad( 7 ) acting on Lie(G)/Lie(r). In our 
situation we have 


\D^{l)\ = 


I - 


I - 


— 1^1 — t2Y 


First, this lemma and Proposition I8.I.2I prove that 0^{lzKf) = Yi — ^ 2 |p ^ = 
qv(ti-t 2 )^ Applying these results to lz-T{p^) gives 


07 ( 12 .ro(p'-)) < 2 • 07 ( 12 .;^)^ • vol(ro(p’')) 
completing the proof. 


□ 


8.3. Summary of global consequences. We summarize the global consequences 
for use in subsequent sections below: 

Proposition 8.3.1. Let 7 G GL 2 (A) be semisimple and let n G of be an ideal. 
Then 

(1) If j G Z{F), then 

(2) Ifj={^^l)GT{F)-Z{F), then 

Q~fiIz(A°°)roin)) < \NF/Q{tl — i2)|R ' 2'^^^ • A^(n)”^ 

where Pfn) is the number of primes dividing n. 

(3) If j G GL 2 (F) — Z{F) is semisimple, then 

07(l2(A~)ro(n)) < 07 (^“)' ■ 2^(") • N{n)-\ 

Proof. This follows from Propositions 18.1.21 18.1.31 and 18.2.11 upon decomposing 
the orbital integrals and constant terms as a product of local orbital integrals and 
constant terms. □ 


Because 2^i'’i • A^(n) ^ decreases as o{N{n) for every e > 0, we have the 
following 

Corollary 8.3.2. For every semisimple, noncentral 7 G GL 2 (F') and every e > 0, 
there is a > 0 such that 

Q'r{Iz{A^)roin)), 07(l2(A~)ro(n)) < Ce,.yN 


for all ideas n C 0i?_p. 
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9. The Plancherel Equidistribution Theorem 

In this section, we use the results of the previous section to prove our key inter¬ 
mediate result: 


Theorem 9.0.1 ((Plancherel equidistribution theorem)). Fix a finite set of places 
S. Let ^ be a finite-dimensional GL 2 {Foo)-representation, let x be a character of 
conductor f with Xoo = XC; fs G ^o(GL 2 (F 5 )^’^). Let (nv) <x> be a 

sequence of levels coprime to S with f"® | riv and N{n\) oo. Then 


lim 

A^oo 


-^cusp 




lim 

A^oo 


•>disc 




ifs) = M?(/s)- 


Before the proof, we’ll need a lemma: 


Lemma 9.0.2. Fix a compact set Cs of GIj 2 {Fs)/Z{Fs). Then there are only 
finitely semisimple conjugacy classes { 7 } € GL 2 (F)/Z(F) such that { 7 °°} inter¬ 
sects CsK^’°°, and such that 7 is elliptic at all infinite places. 


Proof. First, because | det 7 |p = 1 for all p 0 S', and | det 7 |s' can be chosen to lie in 
the finite set Is/P's (where Is is the group of ideals divisible only by primes in S, 
and Ps is the subgroup of principal ideals), then | detyls can be chosen in a finite 
set. Because 0 ^/( 0 ^)^ is finite, we can actually assume that dety lies in a finite 
set by shifting by an element of Z{F). 

Because { 7 } intersects CsK^’°°, its trace lies in some fractional ideal a in F. 
Let ttoo be image of a under F ^ R". Fix a determinant D G F^ . If 7 is elliptic at 
each infinite place we must have tr( 7 )^ < ADy for each infinite place, so tr( 7 )oo lies 
in some compact set. Since ttoo is a lattice, then there are at most finitely many 
traces 7 can take for each determinant. A semisimple conjugacy class is determined 
by its trace and determinant, completing the proof. □ 


We now prove the theorem. 


Proof of Plancherel equidistribution theorem. For simplicity we write 
fx = fn,,, G 7^(GL2(A^’“), Z(A^’“), x^’“) 


and 

Let’s first assume that fs 
case, we have 


';')^disc _ ^^disc 

T\ - 

fs for some fs G H(GL 2 (Fs), Z{Fs), xs)- In this 


/spec(2’(A), X, fsfxfi) = ^(tr7rs(()is)) • (tr7r'®’°°((;iA)) • tr{TToo{f^)) 

TT 

= f\, C)l 


where in each sum, tt runs over the discrete automorphic representations of GL 2 (A) 
with central character x- 
As such, we have 

■^disc/^ \ _ / inIF'iQ] Apec(^(A), X, fs-fx- fi) 

_ / 1 \[F':Q] -^geom (^(A), x^ (fs ■ (fx-(fj) 

tz{G) • (/)a( 1) • dim(^) 
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Recall from the comment after 16.1.31 that /geom consists of three terms: a central 
term, an sum of orbital integrals of elliptic elements, and a sum of constant terms 
of diagonal elements. By Lemma 19.0.21 there are only finitely many nonvanishing 
orbital integrals, and there are only finitely many constant terms because in a 
given compact subset of T{A°°) there are only finitely many cosets T{F)/Z(F). 
The central term of (—X) 4>S ■ 4>\' 4>i) is simply 

(-l)[^"®l'rz(G) • ^s(l) • ^a(I) • (/'c(l) = tz{G) ■ (/>s(l) • (/>a(1 ) • dim(^) 

so upon dividing by tz{G) ■ (j)\{l) ■ dim(^) we are left with (j>s{^) = 

Each orbital integral term in /geom,x is of the form 

Dil) ■ Ojs{(j)s) ■ 0 ^ s , oo ((/) a ) • 

As we let A oo, the only nonconstant term is {4>x). Upon dividing by (/'a(I) 

and taking absolute values, this is bounded by 


0..yS,cx=(lrj,(„^).2(AS,=o)). 

This goes to zero by Corollary 18. 3. 21 The same argument shows that each constant 
term vanishes asymptotically. 

As such, we have 


lim = lim (_i)[r«l 

A-s-oo A->oo rz(G) • (pAflj ■ dim(4) 

= 

= Ms!x('^s) 

This completes the proof of the equidistribution theorem for Plancherel trans¬ 
forms 4>s of functions (j)s S 'H{GL 2 {Fs), Z{Fs), xs)- When fs G ^o(GL 2 (Fs)^) is 
arbitrary, we use Sauvageot’s density theorem for fixed central character. (This is 
exactly as in Shin and Templier’s proof of Corollary 9.22 in [ST12) . except that we 
use Sauvageot’s density theorem for fixed central character. We repeat the proof 
here for completeness). 

Fix e > 0 and pick ^s, tps G H(GL 2 (Fs), Z{Fs), x) such that \fs - ^s\ < 
on GL 2 (F 5 )^’^ and so that < e/3. Then we have 


\ni\fs) - nt%fs)\ < iK'(/s - ?s)i + 


\nT^^s-fs)\ 


< \ni\ips)\ + \K\h) - nT^{h)\ + i/if 


The first term is at most e/3. The second term approaches 0 as A —>■ oo, so it 
is eventually at most e/3. The third term approaches |/tP^('0s)| < e/3 as A —>• 
oo, so for large A it is eventually at most e/3. Therefore, for large A we have 
\ni\fs) - /Jf "(7s)l < C finishing the proof. □ 


Corollary 9.0.3. Fix a weight k and let x of conduetor f oecuring in weight k. Let 
(ua) be a sequence of levels divisible by f. Then 

dimS'fe(ri(nA), x) = tz(G) • [GL2(of) : ro(n)] • dim(^fc) -f o(A^(n)G2) 

as A ^ oo. 

If F ^ Q then the error term is o{N(ny). 
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Proof. Apply the above to S' = 0 with (fs = I, use the bounds on the constant terms 
and orbital integrals in Proposition 18.3.11 and Corollary 18.3.21 and note that when 
F Q, there are no constant terms on the geometric side of the trace formula. □ 


Remark 9.0.4. It is worth here comparing our results to those of |Wei09) . First, 
Shin has computed Tz{Gh 2 /F) = (—(see ( hi) in the proof 
of Lemma 6.2 in |Shil2) l. whereas Weinstein’s main term counting the number of 
cusp forms of fixed inertial type is 

(_ 1 )[^’:Q] . . hp ■ dim(0 • [GUiop) : ro(n)]. 

The discrepancy occurs because he fixes an inertial type, which only determines 
the central character on 

Z(F)-o^F^CZ(A). 

This subgroup has index hp. As such, given an inertial type r, and tt of inertial 
type TT, may be one oi hp different characters. 


We also have a Plancherel equidistribution theorem for newforms. Since the 
proof is the same in spirit as the Plancherel equidistribution theorem, we give a 
sketch: 


Corollary 9.0.5. Letx be a character with conductor^ and letfs € .^o{GL 2 {Fs)'^’^) ■ 
Let (ua) oo be a sequence of levels coprime to S with \ ua and N{n\) oo. 
Then 


lim 
A—>oo 




•cusp 

’“TTx: 



lim 

A—>-oo 


-^disc 




Us) = K‘(/s). 


Proof. We can assume the conductor f is not divisible by any primes of norm 2. In 
this case, a quick computation shows 


-new 

^nx,X,P 

(knew (' 1 ') 


Co 


4>nx,X,P 


2ciiV(p)-i 


'^nx/p,x,P 

Au/p,x.p(l) 


+ C2N{p)-^ 


'Pnx/p'^,X,p 


where cq, ci, C 2 are real constants of absolute value at most 2. 

Therefore, if ordp(n) = r. Proposition 18. 3. II tell us that the orbital integrals 


O lei"®"' 1 

are bounded in absolute value by 16 • Oy{lz(Pf)Kf,)'^ ■ As such, we get a 

bound on the global orbital integral: 

\OU^sK:x^o.)\ < 

for some constant C" depending only on (fac and efs', this goes to zero as o(A^(n)“^+®). 

The analogous proof works for constant terms, and the corollary follows exactly 
as in Theorem l9.0.Il we apply the trace formula and then use Sauvageot density to 
adapt to the case when fs S .^o(GL 2 (F’s)^’^) is arbitrary. □ 


10. Proof of the Main Theorem 

The goal of this section is to prove the our Main Theorem: 

Theorem 10.0.1. Let F be a totally real field, k a weight with ki = ... = kn mod 
2, X o-n automorphic eharacter oecurring in weight k, and (ha) a sequenee of levels. 
Let ilfc(ri(n), x) denote the standard basis of Heeke eigenforms of weight k, level 
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n, and character x- For any A G 'L>\, let i3/c(ri(n), x)<A be the subset consisting 
of those forms with [Q(/) : Q] < Then 

y #Bk{Ti(n\), x)<A _ 
xToo x) 

Proof. We’ll begin the proof with three lemmas: 

Lemma 10.0.2. Fix e > 0. Then there is a Pq G 1, so that, for all rational primes 
p > Pq, all places p\p, and all levels n with ordp(n) > 3, we have 

#i?fc(ri(n), x)<.4 
#Bfc(ri(n), x) 

Proof. By ProDOsition l3.1.21 for p > 2A+1, if p \ p, ordp(n) > 3, and / is a newform 
of level n, then [Q(/) : Q] > A. We will henceforth assume p > 2A + 1. 

Let p I p, let / S i3fc(ri(n), x) and assume / satisfies [Q(/) : Q] < A- As such, 
/ must come from a newform of level 0 with ordp(c)) < 2 . 

Write n = p'®t. By [ALTO] We can write 

5,(ri(n),x)- 0 

flxlloln 

and let 

f(x)|0|n 

ordp (0)<2 

We claim 

dim5fe(ri(n), x)-" < {B-l)dimSk{ri{ph),x). 

To prove this, it’s enough to show that for any 0 dividing p^t, the multiplicity of 
5'“'^(ri(0), x) in Sk{Ti{n), x) is bounded above by (B — 1 ) times its multiplicity in 
S'fe(ri(p^t), x)- We note that the multiplicity of 5'“'^(ri(p^a), x) in S'fc(ri(n), x) 
is 

{B - h+ l)d(t/a), 

and the multiplicity of S'^®'^(ri(p^a), x) in 5'fc(ri(p^t), x) is (3 — b)d{i/a). Since 
X + y +1 < (cc + l)(y + 1 ) for nonnegative x, y, we have 

(B-6+1) < (B-l)(3-6) 

proving the claim. 

By Corollarv l9.0.31 for large N{n), we have 

a[GL 2 ( 0 i:’) : ro(n)] < dimS'fe(ri(n), x) < /3[GL2 (of) : ro(n)] 

for some constants a, j3. In particular, we’ll assume p is large enough that this 
holds whenever N(n) > P^- 

Therefore, assuming p is large enough, we have 

dimBfc(ri(n), x)-^ < (B - x) 

dim5'fc(ri(n), x) “ aimS'fc(ri(n), x) 

G? 11 ^ • [^L2(oe) : ro(p^)] ■ [GL2 (of) : Loffl] 

- ^ ’a- [GL2(of) : ro(p^)] • [GL2 (of) : ToW] 

< -(B-l)N{pf-^. 
a 
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Note that {B — 1)N (p)^ ® is decreasing on B > 3 assuming N{p) > 2, so we just 
need to pick p large enough so that > A and ^ | < e, finishing the proof. □ 

Recall from Section 3 that, given an orbit O, Q(0) is the intersection of Q( 7 r) 
for TT G O. 


Lemma 10.0.3. Fix a character x o.nd e > 0. Let Bp C GL 2 (Fp)^’‘’^'’ he the 
union of those orbits with c{0^^) < 2 and [Q(Oxp) • Q] > Then if p is 
coprime to f(x) and Nfp) is sufficiently large, we have 




> 1 - e 


h'Xp 

where (fp' 2 ^^ p is the p-component of the function </>p 2 defined in \7.1.1\ 

Proof. Given A, let f{A) be large enough that if f is any root of unity with 
Q] < 2A, then f G Q(C/(A))- Because (of/p)^ is cyclic of order q — 1, there are at 
least q—l — f{A) characters xo : o ^ p —>■ C ^ of conductor 1 with [Q (xo (a^)) : Q] > 2A 


for some x. As such, there are at least conjugate pairs of such characters. 

If O is the principal-series orbit corresponding to such a pair, then [Q(0) : Q] > A 
by ProDOsition l3.1.2l By GomDutation l6.3Al each such orbit has Plancherel measure 
< 7 - 1 - 1 , so the total Plancherel measure of these orbits is at least ^ 

We must also count supercuspidal orbits. We note that if L'/L is ramified, then 
the map [ol/wlY' —>■ {ol'I^C'Y i® isomorphism, so there are no characters 
770 : 0 ^, —)> of conductor 1 such that tjq 7 ^ TJq. Therefore, all such supercuspidal 

representations of conductor 2 come from characters 77 : —>■ where L'/L 

are unramified, and 77 has conductor 1. The central character of tt^ is the map 
X !-)• (—• r]{x). 


As such, if 77 has conductor 1 and tt^ has unramified central character, then 770 
factors through o^,/(o^(l -I- pL'))', this is cyclic of order <7 -I- 1. Let 770 send the 
generator to a root of unity (. Then = 1, and if 77 = 77 we have Y = C; thus 
Vo 7 ^ Vo if Vo does takes values outside of ±1. As such, there are conjugate 

pairs { 770 , 7 ?o} with 770 ( 0 ;) = Cr for r > f (A). 

Therefore, there are at least supercuspidal representations tt of con¬ 

ductor 2 and fixed unramified central character with [Q( 7 r) : Q] > A. Each has 
formal degree <7 — 1 by Computation 16.3.11 (4), and so the total measure of these 
is (<7 — l)^LtLiAlAl^ Therefore, the total Plancherel measure of all the orbits of 
conductor 2 with large enough field of rationality is at least < 7 ^ — 1 — /(A). 

On the other hand. 


Y/ ('(’p^A.p) '?^p^,x.p(f) 9(9 T 1 ) 


and 


completing the proof. 


lim 

g—)-oo 


-1 - f{A) 

g(g + i) 


= 1 


□ 


Lemma 10.0.4. Fix a character x and let p he any prime that does not divide the 
conductor f of x- Let (n^) be a sequence of levels that are divisible by f and prime 
to p. Then 


y x)<A ^ j, 

#Bfc(ri(nx), x) 
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Proof. This argument is due to Serre in the case F = Q (see [Ser97| i and all changes 
are simply cosmetic. We repeat it here for reference and completeness. 

Let / be a modular form of level ua with [Q(/) : Q] < ^. Then [Q(ap(/)) : Q] < 
A. Because Ua is prime to p, then Up is the sum of two Weil-g-integers a, f3 of weight 
max{A:i} — 1 [RTlll Theorem 1.4 (1)]. Since [Q(ap) : Q] < 7l, then Qia), Q{/3) are 
of degree at most 2A over Q. Thus a, /3 must satisfy monic polynomials in 7i[x\ 
of degree at most 2A and whose coefficients are bounded for fixed q and maxjfci}; 
thus a, (3 take only finitely many values. 

In this case, 7r/_p is the unramified representation xi x X 2 j where xi, X 2 take a 
uniformizer to a, /3. As such, iTf^p takes only finitely many possible values in the 
unramified orbit O^. Let lo,<yi be the characteristic function of this finite set of 
points. Because the Plancherel measure on the unramified orbit has no points of 
positive measure, we have /xPp(lo,<A) = 0, and because it is supported on fintiely 
many points, it lives in .^o(GL 2 (T’p)^). As such, the Plancherel equidistribution 
theorem completes the lemma. □ 


With this in hand, we complete the proof of the Main Theorem. 

Fix A G Z>o and e > 0. Fix P > 2A + 1 so that for any rational prime p > P, 
and any prime p of A lying above p, we have 




> 1 -e 


(where Bp is as in Lemma [10.0.311 . and such that for any n with ordp(n) > 3, we 
have 


#i3fc(ri(n), x)<^ 
#Bfe(Fi(n), x) 


Fix, once and for all, primes pi,..., p^. coprime to the conductor f, with pi \ Pi > 
P, and so that 


n 


gi -1 
gi + 1 


< e. 


This is possible because the Dedekind zeta function fp has a pole at 1, and because 
gi+l — qi 


With this in hand, let t = {ti, , tr) be a tuple, where ti is either 0, 1, 2, 
or ‘> 3’. For such a tuple, define the subsequence (ha,*), where Ua S if 

ordp. (ua) = L for f = 1,..., r (and where if = ‘> 3’ then ordp(nA,t) > 3). This 
breaks the sequence (ua) into finitely many subsequences. We can assume each is 
either empty or infinite. 

We’ll show that for every t, if A is sufficiently high we have 


x)<A 

#Bfe(Fi(nA,t), x) 


If ti is ‘> 3’ for some i, we are done because each pi is chosen to be sufficiently 
large. If = 0 for some i, we are done by Lemma [10.0.41 
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liti =2 for some i, let S = {pi}, and let ^ = nA.t/pf • Then we have 


#-Bfc(ri(nA,t), x) l■^cusp,x(</'pf,x> ^fe)l 


^ 1 - 



< e 


(where the third line follows by the Plancherel equidistribution theorem) so that 
eventually we have 

#i?fc(ri(nA,t), x)<A 
#Bfe(ri(nA,t), X) "■ 

The only remaining case is fi = ... = t,. = 1- Let Cp be the finite set consisting 
of the two Steinberg points of conductor 1 and central character xp along with the 
finite set of points {Tip} in the unramified orbit where the Frobenius eigenvalues 
are Weil-g-integers of small enough degree. As in Lemma [10.0.41 the characteristic 
function Ic^ lives in ^o(GL 2 (Fp)^) (the set of discontinuities is a finite set in the 
unramified orbit), and moreover we have 

/^x!p(1cJ = g - 1, 

because there are two Steinberg representations with central character Xp (corre¬ 
sponding to its two square roots) and because each has formal degree 
As such, if we take S = (pi,..., p^} and 

r 

7s = 17 ’ 

i=l 


then the same logic as in the ti = 2 case tells us: 


lim sup 

A—>oo 


#.Bfc(ri(nA,t), x)<A 
#Bfc(ri(nA.t), X) 


1^5,X (7s) 

l‘S,x(^Pl-..pr,x) 
TT /^S,x(^p) 

4’Pi,xi^) 


=n 

i=l 

< e 


qj- 1 
<Zi + 1 


SO in particular, we eventually have 

#.Bfc(ri(nA,t), x)<A 

#Sfe(ri(nA.t), x) ' 

for this subsequence. This completes the proof. □ 

We also have a partial result for fields of rationality of newforms, which we 
briefly discuss. We would like to say that, as the norm of our ideals increases, 
that a smaller percentage of the set of newforms has bounded field of rationality. 
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But there is an obstruction to our methods. Consider, for example, the case where 
-f" = Q) X is the trivial character, and (ua) is the sequence 

(2, 2-3, 2.3-5,...). 

In this case, for any prime p, our sequence will eventually satisfy ordp(nA) = 1, 
so in particular, the associated representation will always be Steinberg. Indeed, if 
we pick any finite set of primes S and look at the representations the field 
of rationality at these places will eventually be Q. However, the corollary below 
shows that this is, in effect, the only obstruction. 

Corollary 10.0.5. Let {T i(n) , x) be the canonical basis of newforms of weight 

k, character x occuring in weight k, and level n, and define i3“'"(ri(n), x)<>i as 
above. Let (ua) be a sequence of levels satisfying the following condition: 


For any P G Z, there is a finite set pi,..., with pi | Pi > P, 


and for all sufficiently high X, there is an i so that ordp;(nA) ^ 1. 


Then 


lim 


Pg-(ri(nA),x)<A 

Pr"'(ri(nA),x) 


= 0 . 


Proof. Fix e > 0 and let P be large enough that the results of Lemmas 110.0.21 and 
I10.0.3l hold. By hypothesis we can find primes pi,..., p,. such that, for A sufficiently 
high we have some ordp^(nA) 1 for some i. Break the sequence into subsequences 
(nA,i,£c) where * = 1, ..., r and x = 0, 2 or ‘> 3’; say Ua G {riA.i.a:} if ordp^ (ua) = x. 
Each subsequence eventually satisfies: 

i3g-(ri(nA..,.),x)<A 

i?r"'(riK...),x) 

by the same logic as in the proof of the main theorem. □ 


11. Appendix: Proofs of Fixed-Central-Character 
Representation-Theoretic Prerequesites 

In this section we will prove some properties of the fixed central character 
Plancherel measure for GL 2 . We begin with a couple of remarks: first, the proofs 
rely on little more than abelian Fourier analysis after we accept the non-fixed cen¬ 
tral character versions of these results. Second, we have written the proofs to be as 
applicable as possible to larger groups. In fact, we hope to use analogous results in 
future works. We begin with some very basic lemmas on Hecke algebras. 

11.1. Basic Results on Hecke Algebras. Recall the definition of the a fixed 
central datum Hecke algebra. As before, R is either a local field L or the ring of 
adeles over a number field F : 

Definition 11.1.1. Let A be a closed subgroup of the center Z(GL 2 (R)), and 
let X : X —)• be a unitary character. The Hecke algebra 'H{GL 2 {R), X, x) is 

the convolution algebra of smooth functions (f : GL 2 (i?) —>• C that are compactly- 
supported modulo X and that satisfy the transformation property 

cfigx) = (/)(g)x(x)"^ for all g G G, x G X. 
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Definition 11.1.2. Given (X, x); (^^ x') with X 3 X' and x\x' = X^ we define 
the averaging map 

H(GL 2 (i?), X', x') ^ 'W(GL 2 (i?), X, x) 

where 4>x,x defined by 

^3e.x(ff) = / (j){gx~'^)x{x)~^ dx. 

Jx'\x 

fn this case, we say (j)^^ ^ is the average of (j) over X with respect to x- 


The rest of this subsection will be a sequence of Fourer-analytic lemmas that 
will be useful in the proofs of the fixed-central-character trace formula, Plancherel 
theorem, and Sauvageot theorem. 


Lemma 11.1.3. Let (X, x), (^^ x') be as above and let (j) G 7t(GL2(i?), X', xO- 
Assume the Haar measures on GL 2 (i?)/X, GL 2 (i?)/X', and X/X' are chosen com¬ 
patibly. Then for any tt with XttIx = X 'we have 

tYx' Tr{(j)) = tr^7r(^3e_^). 

Proof. The proof is a quick application of Fubini’s theorem: 


tr3e'7r((/)3f,_^,) =tr / / 

Yd.X\GL2(R) JX'\X 


4>{9x) x{x)t^{ 9) dxdg 


= tr / xix) / (f){gx)'K{g) dg dx 

\Jx'\x Jx\GL 2 (R) / 

= ti' / xix) (l){g)Tr{gx~^)dgdx] 

\Jx'\x Jx\GL 2 (R) / 

= tr / xix)xix~^) (fig)TT{g) dg dx 

\Jx'\x Jx\Gh 2 (R) ) 


= tr / 4>{9)'n:{9) dg 

\Jx'\G1.2{R) / 

= tr3e7r((/)) 


□ 


Definition 11.1.4. Let f G 'H{GL 2 {R), X', x')j let X be a closed subset of Z(GL 2 (i?)), 
and let ‘f’x be smooth and compactly supported on X. We define the convolution 
fx^xhy 

{(I)x<^x)i9) = / (p{9x~^)'^x{x)dx. 

Jx 

Definition 11.1.5. Let $ be smooth and compactly supported on X, a closed 
subset of Z{GL 2 {R)). We define its Fourier transform $ : X —> C by 

5(x) = / <^{x)xix)dx. 

Jx 
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Here, we apologize for the re-use of notation. We’ll distinguish the following 
cases: when we use lower-case Greek letters like (j), ip, we mean elements of some 
Hecke algebra on GL 2 (i?), and </>, ip will denote their Plancherel transforms. Upper¬ 
case Greek letters will always denote functions on some closed subset of the 
center, and 5', $ will always denote their Fourier transforms as functions on a 
locally compact abelian group. 

Lemma 11.1.6. Let $ 3 e be as above and let (p G 'H(GL 2 (i?), X', x') with X 3 X'. 
Then 

(1) GH(GL 2 (i?), X', x')- 

(2) For any tt with xA^' = x'> 

trx' iricp-k^x) = ^3e(x^U) •tr^/7r(^). 


Proof. (1) is clear, so we will prove (2). We have 


/ 

[ (p{gx 

/.x'\gl 2 (r) J?e 


/ 

Jx 

l.^'\GL 2 (fi) 

[ 

f 

lx 

Jx'\gl 2 {r) 


(p{gx~^)Tr{g) dg dxj 

<Pi9)T^i9x) dg da^ 

= tr( / / (p{g)'K{g) dg dx\ 

\Jx J3e'\GL2(R) / 


completing the proof. 


□ 


Lemma 11.1.7. Let L be a p-adic field and let x ■ 
Define 




1 



<VL{z)<j 


X ^{z)dz. 


be a character. 


Then 

(V */x ^iT-d T differ by a ramified character, then d’M, x(''’) = 0, 

(2) if T ^ X then d’M, x(''') 0 as M ^ oo, and 

(3) if T = X then = 1 M. 


Proof. We have 


M-l 




j=0 


{TX-^){z)dz 


= ^)iz)dz 


i=l-M 


If Tx~^ is ramified, then the integral vanishes. If tx~^ = 1, then the integral is 
I and the sum is M^, completing (3). For (2), if is unramified, the sum is 
where Fm is the Fejer kernel from real Fourier analysis. For all 
2 ; 7 ^ 1 we have -^Fm{z) —>■ 0, finishing the proof. □ 
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11.2. Fixed-Central-Character Plancherel Measure. The goal of this section 
is to prove Proposition 16.2.81 To begin, we construct a family of fixed-central- 
character Plancherel measures. To this end, let L be a local held and let y : ^ 

be a character, and let O be an orbit in GL 2 (T)^’*. Let = O fl GL 2 (L)^’*’^; 
then is either empty or an orbiforld of codimension 1 in O. Henceforth, we’ll 
assume is nonempty. 

Let ttq = Ip{uJo) where P is a parabolic subgroup with Levi subgroup M and let 
w be a discrete series representation of M. Assume Xttq = X- Then are surjective 
maps 


Alu(iH) Om C) 


given by 


r !->• w ® T !->■ /p (w ® t). 


Let Xu{M)o be the kernel of the restriction Xu{M) -x Xu{Z{G)). Then the 
above map restricts to a surjection A„(M) —>• O^. 

Henceforth, if F Z \s a. hnite surjective map of orbifolds, say P C F is a nice 
fundamental domain if P —>■ F is bijective, and if there is an open set U C E Q U. 

Lemma 11.2.1. Let E be a nice fundamental domain of Xu{M)q -x O, let Dq be 
a nice fundamental domain of Xu{G) A„(F(G)), and let D be the image of Dq 
under XuiG) Xu{M). Then D x E ^ A„(M) is injective, and its image is a 
nice fundamental domain for A„(M) —>■ O. 

Proof. The proof is elementary after realizing that if r € Xu{M) and d € D, ii 
T i-A- TT then dr i-x TT (g) T. □ 

Recall that the canonical measure on O is chosen so that the maps Xu{Z(M)) <— 
Xu{M) —>■ O locally preserve measures when the Haar measure on A„(M) has total 
measure 1, and that the Plancherel measure is absolutely continuous with respect 
to the canonical measure. If is nonempty, we define the canonical measure on 
so that Xu{M)q —>• Ojj. locally preserves measures for a choice of a Haar measure 
on Xu{M)q, and such that O and have the same canonical measure. 

Proposition 11.2.2. Let dx be the Haar measure on L^ giving each unramified 
orbit total measure 1. Then for any f € L^(GL 2 (L)^’*), we have 



Proof. By summing over all orbits, we just need to prove this for / supported on a 
single orbit O. Gonsider the nice fundamental domain DE C Xu{M) constructed 
in Lemma 111.2.11 if we fix d, we that dE maps surjectively and injectively onto 
0^<gdz{G)^ '''^here dz(G) is the restriction of d to Z(G). Therefore, if we pull back / 
to foE on DE, we have 




foEide) de dd 
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where the last equality holds because fixing dE maps surjectively and injectively 
onto O^0dz(G)^ because the total measure on DE is the same as the total 
measure on O. □ 

Corollary 11.2.3. Let dx be as above and let be the Plancherel density fune- 
tion from the previous section, and let = v^'^dx on GL 2 (L)^’*’^. For any 
f G ^o(GL 2 (L)^), we have 


m"‘(7) = L ni\f)dx- 

Jlx 


Proof. Apply the above proposition to the function tt h- i^P*(7r)/(7r). 


□ 


The measure above is the fixed-central-character Plancherel measure. We must 
prove it has the properties stated in Proposition 16.2.81 We’ll prove the statements 
separately. 

Proposition 11.2.4. Fix (j) G 'H{GL 2 {L), Z{L), y). We have 

dGL2(L)'''‘'X 

Proof. We will use the Fourier-theoretic ideas from Subsection 111.11 Let 

(fig) |det(g)|i = 1 or 
0 otherwise 


00 (5) = 


so that 0g ^ = 0, and therefore if Xu- = X we have tT(z(L) '^i4>) = tr7’'(0o) by Lemma 

fnxi 

Let Aj be the annulus {z G : —j < vl{z) < j}, and let 

M-l 


1=0 


where ^m,x i® s-® Lemma [11.1.71 Define 

0m(5) = (00 * '^M,x)i9) 


= / M9z)x{z)dz 

1=0 “'A 


M-l 


so that 

Moreover, we have 


0(1) = lim 0 m( 1) = lim 
M—¥oo M—^oo 


lim )2 p'(())m) = lim / tr 7r(0M) dAlv^(7r) 

I—^oc M—¥oo ^ 

tr7r(0M)dM^'/(’P)0x' 

lim / _ / ^M,xix') AnT{(j)o)dfA\{TT)dx' by Lemma II 1.1. 61 

t^^Jx'&Lx Jx^=x' 

tr7r(0o)d)2P',(7P)) dx' 


= lim 
M—¥00 


= lim 


x'eLx Jx„=x' 

$M.x(x') 


'x'eix 
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By Lemma ril.1.71 5 'm,x(x 0 = 0 if y'x ^ is ramified. If y'y ^ is ramified, then 
^M,x{x') = where Fm : 5"^ ^ C is the Fejer kernel. Since 


[ FM{s)ds = l 
dsi 


and 


lim / FMis)ds = 0 

for any open neighborhood of 1 in 5"^, then for any continuous function h : 5^ —>■ C 
we have 


lim / Fm(s)/i(s) ds =/i(l). 

M—^co J 


As such, we have 


lim / _ 

M->oo 




M,x 


(x') ( [ tTTr{(j)o)d^^,{TT)\ dx'^ f tr7r((/)o)d^P'(7r) 

\dxTr=X' / Jxi^=X 

= / ti'z(L) 7r((/)) d/2P^(7r) bv Lemma lll.1.31 

dx7r=x 

= ?;■(« 


completing the proof. 


□ 


Lemma 11.2.5. Let dir be the canonical measure on O and let dir^ be the canonical 
measure on O^. If d^P* = pP^dTr, then dfi^ = v^^dir^. 

Proof. This is evident from the construction. □ 

Lemma 11.2.6. If tt is not a discrete series representation, then = 0. If tt is 
a discrete series representation, then ^^{Tr) = d(7r), the formal degree of tt. 

Proof. Assume tt G is not a discrete series, and that it is of the form Ip (w) where 
a; is a discrete series representation of a Levi subgroup M ^ G. Then dimXu(M) = 
dim(Z(M)) > dimZ(G) and therefore X„(M)o has positive dimension. As such, 
the canonical measure on has no points of positive measure, and so neither does 
the Plancherel measure. 

Now assume that tt € O is a discrete series representation with central character 
y. We will first show that the Plancherel density function pP* on O is simply 
TT I—>■ d(7r). To this end, we recall that the Plancherel density function is given by 

9P'(7r) = c(G|M)“^ 7 (G|M)“^j(a;)d(w) 

where tt = Iq{oj) and M < P is a Levi subgroup. Since tt is a discrete series 
representation, then M = G and uj = tt. From |Wal03[ p. 240-241] we have that 
c(G|G) = 7 (G|G) = 1. Moreover, from the definition of j as a composition of two 
intertwining operators on [WalOSl p. 236] it is clear that j(7r) = 1. This proves the 
claim. In fact, if tt' = tiS>tt for any character r then d(7r) = d(7r') by the definition 
of d(7r) on |Wal03[ p. 265] (so that pP^ is constant on a discrete series orbit). 

We now compute the canonical measure of the orbit O. Assume Xu{G) —>• 
Xu{Z{G)) is an n-to-one cover and that Xu{G) —>• O is an r-to-one cover. Then 
the canonical measure of O is n/r. 

Therefore, it’s enough to prove that consists of precisely n/r isomorphism 
classes of discrete series representations. First, because Xu{G) Xu{Z{G)) is an 
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n-to-one cover then X„(G)o has cardinality n; therefore, there is a surjection from 
a group of order n to via a choice of basepoint. Finally, since Xu{G) ^ O is 
r-to-one, then so is X„(G)o —t (note that if tt' = t^tt, then tt' and tt' have the 

same stabilizers under the action of X„(G) by tensoring). As such, each singleton 
in has canonical measure 1, and therefore its fixed-central-character Plancherel 
measure is its formal degree. □ 

Lemma 11.2.7. Sauvageot’s density theorem holds for the fixed-central-character 
Plancherel measure. 

Proof. Let I? be a nice fundamental domain for A„(G) —)• Xu{Z{G)), and define 
/ on GL2(L)^ by /(tt) = fxi^^ ® d), where d € D is chosen uniquely so that 
X-K ® dz(G) = X- Note that / remains bounded and supported on a finite number 
of orbits. If Gx is the set where is continuous, then / is continuous on CxD, 
which has measure equal to the measure of O. 

Therefore, we can choose functions cf, ip € Gf°{GL2{L)) with \(j> — f\ < ip and 
< e. Let Ux be the unramihed orbit of x in ■ Then we have 

Ju^ JL^ 

and since has measure 1, there is a S with < ijj. Let x' = X' dz{G) 

for some d G D. Let (p^ dhe defined as {(p (8) d){g) = cp{g)d{g), so that (p (8 d{7r) = 
(p{'K ® d). As such, we have 

fP^{ip®d) = < e, 

since the Plancherel density function is unchanged by twisting by an unramified 
character. 

Letting 7 /?^ be the average oi il) ® d with respect to x, and defining similarly, 
we see that cj)-^ and satisfy (1) and (2) in the statement of the proposition, 
completing the proof. □ 
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